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DETERMINATION OF ALL THE SUBGROUPS OF THE 
KNOWN SIMPLE GROUP OF ORDER 25920* 

BY 

LEONARD EUGENE DICKSON 
Introduction. 

The trisection of the periods of hyperelliptic functions of four periods, the 
determination of the 27 lines on a general cubic surface, and the reduction of a 
binary sextic to the canonical form T^ — U^, although apparently unrelated, 
are not essentially distinct problems from the standpoint of group-theory,f since 
each is readily reduced to the solution of an algebraic equation whose Galois 
group is the same simple group of order 25920. This equation has been shown 
to possess resolvents of degrees 27, 36, 40 (two essentially distinct ones), and 
45, but none of degree < 27 . The last result was established by Jordan f by 
an elaborate discussion based on Galois' s theory of algebraic equations. This 
result is reestablished in the present paper, which employs only pure group- 
theory. All the results mentioned follow from the fundamental theorem (not 
stated heretofore) that all the maximal subgrotips of the simple G^^ are con- 
jugate with G^, G^^, G^g^g, ^g^g, or G^j^ (§ 70). These five groups, appear- 
ing in different notations, play a fundamental role in the memoirs of "Witting 
and BuKKHARDT on the geometric and function-theoretic phases of the subject. 

Not only in the applications, but also in the theory of groups, the known 
simple group of order 25920 is of frequent occurrence. In the papers by 



* Presented to the Society at the Boston meeting, August 31-September 1, 1903. Received 
for publication August 25, 1903. 

t Jordan, Traiie des substituiions (1870), pp. 316-329, 365-369, 666-667; ComptesEendus 
(1870), pp. 326-328, 1028 ; Klein, Journal de Mathematiques, ser. 4, vol. 4 (1888), pp. 
169-176 ; Witting, Mathematische Annalen, vol. 29 (1887), pp. 157-170 ; Maschke, i6id., 
vol. 33 (1889), pp. 317-344 ; Bukkhaedt, ibid., vol. 35 (1890), pp. 198-296 ; vol. 38 (1891), 
pp. 161-224 ; vol. 41 (1893), pp. 313-343 ; DiCKSON, Comptes Eendus, vol. 128 (1899), pp. 
873-5 ; Linear Groups (1901), pp. 303-7. 

t Traite, pp. 319-329. As only typical cases are there treated, much is left for the reader to 
supply ; the case d = 9 is not mentioned. 
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Witting, Maschke, Klein, and Bukkhardt, it appears as a quaternary, as a 
quinary, and as a senary group of linear substitutions with numerical coefficients. 
Furthermore, it appears in the papers by Jordan and the writer* as a quater- 
nary abelian group 6^25920 modulo 3, as a quinary orthogonal group Oj^^jo modulo 
3, as a senary hypoabelian group modulo 2, and as a quaternary hyperabelian 
group in the GF [ 2^ ] . Two sets of generational relations for it have been 
given, with respectively G^^^^ and G^^ in the foreground.* 

Use is made of the results in the following papers by the writer : 

I. Canonical forms of quaternary ahelian substitutions in an arbitrary 
Galois field, Transactions, vol. 2 (1901), pp. 103-138. 

II. On the subgroups of order a power of p in the quaternary abelian group 
in the Galois field of order ^j". Transactions, vol. 4 (1903), pp. 371-386. 

III. The subgroups of order a power of 2 of the simple quinary orthogonal 
group in the Galois field of order p^ = 8^ ± 3, Transactions, vol. 5 (1904), 
pp. 1-38. 

IV. Determination of all groups of binary linear substitutions with integral 
coefficients tahen modulo 3 and of determinant unity, Annals of Mathe- 
matics, second series, vol. 5 (1903-4). 

V. Thjjo systems of subgroups of the quaternary abelian group in a general 
Galois field, Bulletin of the American Mathematical Society, sec- 
ond series, vol. 10 (1904), pp. 178-184. 

To these reference will be made by the corresponding Roman numeral with a 
subscript to indicate the page. Thus III, denotes page 8 of the third paper. 

In the treatment of possible subgroups of certain orders in the interval 144— 
1728, use is made of the papers f by Holder, Cole, Ling and Miller, in 
which is determined the simplicity or compositeness of all groups of orders 
<2000. 

Chiefly in the duplicate proofs, use is made of the lists of all transitive sub- 
stitution-groups of a given degree, with the following reference numbers : 

Cole, 1, Bulletin of the American Mathematical Society, ser. 
1, vol. 2, (1903), pp. 250-8. 

Cole, 2, Quarterly Journal of Mathematics, vol. 27 (1895), pp. 
39-50. 

Miller, 1, Quarterly Journal, vol. 28 (1896), pp. 193-231. 

Miller, 2, Proceedings of the London Mathematical Society, 
vol. 28 (1897), pp. 533-544. 

* Dickson, Proceedinss of the London Mathematical Society, vol. 31 (1899), pp. 
30-68; vol. 32 (1900), pp. 3-10. 

t For references, see American Journal, vol. 22 (1900), p. 13. It may be noted that the 
orders 792 = 2^ • 3^ • 11 and 1008 = 2' • 3^ ■ 7 were overlooked by Burnsidk. 
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Miller, 3, American Journal of Mathematics, vol. 20 (1898), pp. 
229-241. 

KuHN, Manuscript list of the imprimitive groups of degree 15. 

The following table (referred to as " the table ") gives the 114 types of non- 
conjugate subgroups, other than itself and identity, of (9^259''o ' ^ P^S^ reference 
to their definition, the largest subgroup of G^^g^o ^^ which a given subgroup is 
self-conj ugate, and the number of conjugates within G to a given type. 



Group. 
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Self-conj. 
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conjs. 


1 

I Group. 
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only under. 
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conjs. 
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720 
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-^m 
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720 
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G^n 


135 1 


G\, 


137 
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ni. 1 
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G[, 
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90 
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1620 

960 

160 


GL 

GL 
G'i 


133 
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141 
141 
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GL 

Gis 
Gis 


1080 
540 
540 
540 
270 
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Group. 


Def. 


1 Self-con], 
only under. 


Numb, 
conjs. 


Group. 


Det. 


Selfconj. 
only under. 


Numb, 
conjs. 


^. 


142 


^« 


540 


g;; 


148 


Gn 


360 


L\. 


142 


g:. 


540 


Ggo 


157 


G^I60 


162 


F.. 


144 
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360 


Gsi 


na.2 


Gx62 


160 


F'.. 


144 
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360 
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150 


G2SS 


90 
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144 


^288 
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157 
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45 
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^648 


40 
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45 


H„ 
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HL 
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^m 


130 
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40 
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405 
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405 
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720 
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216 
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^216 
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153 
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(^Z 


138 
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360 • 
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147 


(?;: 


360 
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113.3 
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136 
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G^!92 
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135 
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143 


^M 
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H. 
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270 


G^2,a 
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H':, 
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H,, 
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H.U 
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G^ 
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G-s^s 
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G^576 


45 


G.. 
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40 : 
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40 
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138 


^^.08 


240 : 
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Gno 


36 


K'., 


151 
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120 


G.;, 


III, 
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45 


^60 


III3 


G^120 


216 


Gui 


lis. 


Gets 


40 


G'.. 


153 


Gi20 


216 


^u. 


II380 


^Ui 


40 


Gu 


JII, 


G'l92 


135 j 


G^720 


163 


Gno 


36 


(?,, t 


133 


Gn 


360 


Gm 


III3 


G960 


27 



Possible orders of suhgroiqjs of G . 

1. The number of divisors of 25920 = 2'^- 3^ • 5 is (6 + 1 )(4-fl) (1-f 1) = 70. 
These divisors (of which 30 are < 100) are 

1,2,3,4,5,6,8,9,10, 12,15, 16,18, 20,24,27,30,32,36, 
40, 45, 48, 54, 60, 64, 72, 80, 81, 90, 96, 108, 120, 135, 144, 160, 
162,180, 192, 216, 240, 270, 288, 320, 324,360,405,432,480, 
540, 576, 648, 720, 810, 864, 960, 1080, 1296, 1440, 1620, 1728, 
2160, 2592, 2880, 3240, 4320, 5184, 6480, 8640, 12960, 25920. 

Trans. Am. Math. Sec. 



130 L. E. DICKSON : DETERMINATION OF SUBGROUPS [April 

Orders immediately excluded. 

2. Theoeem. The group O contains no subgroup) of one of the following 
16 orders : 15 , 30 , 40 , 45 , 90 , 135 , 240 , 270 , 405 , 540 , 1440 , 3240 , 4320 , 
5184, 6480, 8640, 12960. 

By Sylow's theorem, a group of order 15, 40, 45 or 135 contains a single 
(and hence self -con jugate) subgroup of order 5. But, within G', a F^ is self- 
conjugate only under a subgroup of T.^^ by 1^^ . Likewise, a T^ contains 1 or 
6 conjugate F^; V^^ contains 1 or 6 conjugate F^; F^^^ contains 1, 6, or 16 ; 
Fj^u contains 1 , 6 , or 36 ; F^^^ contains 1 , 6 , 16 , 36 , or 96 ; but in no case is 
the quotient of the order of the group by the number of conjugates a divisor 
of 20. 

By Sylow's theorem, a F^^ contains 1 or 6 conjugate F^ and 1 or 10 conju- 
gate Fj. But any F^ is self -con jugate in at most a F^^^ ; while a F^ is self -con- 
jugate only under a subgroup of order 648 , 216 , or 108 , (by Ij^^ or § 5 below). 
Hence a subgroup T^ must contain 6 conjugate F^ and 10 conjugate F^ and 
hence at least 1 + 24 + 20 operators.* 

A F^uj contains a single F^j by Sylow's theorem, whereas within G any Fgj 
is self-conjugate only under a group of order 162 by Ilgyg. 

The final six orders for subgroups are excluded since their indices under G 
are = 8, while 25920 does not divide 8 ! . 

The subgroups of order 3 . 

3. Theorem. Within G, the cyclic subgroups of order 3 fall into 3 dis- 
tinct sets of conjugate sribgrou2)S, rejvesentatives of tvhich are 

(1) C'3 = (X,,o, c:=(A,iA,0, C3 = (A,-iA,i)- 

They are self -conjugate only under G^^^, If.^u ^'^'^ -^los' respectively. 

The theorem follows from Ijj^ except as to the characterization of the groups 
of order 648, 216, 108. The operators of G commutative with Xj j form G^^g 
of II372, while ii 1 is not conjugate with its inverse by Iijg. In view of Inj, 
the only homogeneous abelian substitutions commutative with L^ _i L^ ^ are 
U ■= [^, 0, c, 7]^2, ^ti- Those transforming L^_]L^^x ii^to its inverse are 
V=UP,^. Hence ' 

(2) H,^= {K,,, T,^_,, Pn}^{ik, 0, c, 7], ^2.-1, Pn]- 

Also, by Ij,5, those commutative with L^-^L-y^ are the f/^and V\ while those 
transforming L^ 1 L„ ^ into its inverse are seen to be 

*Otherwise excluded since Fj^ coutainsa cyclic C15, Holder, Matliematische Annalen, 
Bd. 43 (1893), p. 412. 
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7ii 


— «21«22 


7l2 







-1 





«21«22 


«21 = «2 = 1 ) 


«21 


721 


«22 


722 


Xsi = 711 "21 + 712 «22 + 722 "21 « 





— «„ 





— «o. 





(3) 



Hence the 108 operators (3) together with those of H^^^^ form* -S^,g. 

Conjugacies among the operators of H^^^, and among those of H^^^. 

4. By IIj,^' £^' = [- /t, , c ± c, - 7], whence U^ = /. Now U'' = U'^ 
if and only if the upper signs hold, namely, U= [^, 0, c, 7]. Hence of the 
operators C, [ ^ , , c , 7 ] is of period 3 if not the identity [ , , , ] ; 
[ , , c , ] 23, _i is of period 2 ; [ ^ , , c , 7 ] ^2, -i is of period 6 if h and 7 
are not both = 0. The operators \_h, 0, c, 7] are all commutative by Hj^. 
Now /, 2*12, 2^,-1 and P-^^T^ _.^ transform [Ic, 0, c, 7 J into respectively 

[^,0,c,,7], [7,0,c,^], [A;,0,-c,7], [7, 0, — c, ^] . 

Of these four, those which are distinct form a complete set of conjugates under 
^108 . Next, the operators of period 2 are all conjugate with T^ _i , since T-^ _i 
and [0, 0, -1, 0] transform [0, 0, 1, 0]r2,_i into [0, 0, -1, 0'\T^_^ and 
^2 _i respectively. Consider finally the operators C^of period 6. Applying 
(12) of II377, we find that [0, 0, — c, 0] transforms [^, 0, c, 7]7'2 _i into 
\_k, 0, 0, 7] ^2, -!• The latter is transformed into [7, 0, 0, ^] by P^^. 
For V= \_k, 0, c, 7 ] ^2, d=i -P12 1 we have 

F'= [^ + 7, 0, c±c, /1-+ X]. 

Hence V is of period 2 or 6 . Those of period 2 are [—7, , , 7] P^^ and 
[—7, 0, c, 7]lT,_i -P12 . The former is transformed into P^^ by [0,0,0,7], 
the latter into [0, 0, c, (i'\Tr, _^Pi^= S, by [0, 0, 0, 7]. But 
[0, 0, — c, 0] transforms S,, into Si^ = P^^T.^^ _-i. The operators Fof period 
6 are [ ^ , , c , 7 ] 7^2, -1 Pii 1 ^ + 7 =4= 0, and [ Z; , , c , 7 ] P^^ , /*; + 7 and c 
not both . The first is transformed into [ 1' + 7 , , , ] Tj _i P^^ by 
[0, 0, — c, 7]; the second into [^' + 7, 0, c, OjPj^by [0, 0, 0,7]. 

THEOHEM.f ITie operators of H^^^ are of period 1,2,3, or 6 . Those 
of period 1 or 3 are \_k, 0, c, 7] and are commutative. Those of period 2 

* By II383 , iTjis is the largest subgroup transformiDg K" into itself. 

fFor an ultimate classification, not needed here, we note that the operators of period 3 fall 
into the following distinct sets of conjugates : 

l[y,0,0,y]|, {[7,0, 1, y], [y, 0,-1, y]i, { [fc, 0, 0, y], [7, 0, 0. fc]] 



{[fc,0,l,7], [fc,0,-l,y], [7,0,l,fc], [y,0,— l,fc]| 



(*i=v)- 



The operators of period 6 are conjugate with [d=l, 0, 0, 0]72,-i, [±1, 0, 0, l]r2,-i, 
[— 1, 0, 0, — l]r2,_i, [±1, 0, 0, 0]Pi2, or [fcj Oj 1, 0]Pi2, no two of which are conjugate. 
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are conjugate within H^^^ with ^__i, P12, or P^^T^ _-^. Those of period 6 
are conjugate within H^^^ with 

[k,0,0,y\T,^_„ [± 1,0,0,0]!;, _iPi2, [,?;,0,7,0]P„ {k,r not both ^0). 

5. Operator (3) is transformed by ^2,-1 into a similar operator with otji 
replaced by — a^^ . We therefore take 0:21= + 1 • I^e* first 0:22 = ~ ^ • '^^® 
resulting operator (3) is transformed by -Z/i, _y„ -£-2, y^j into 

a 1 7 



tf: 



± 



0-1 0-1 

1 _,y _1 

0-101 



{y = y2^—yn)- 



It is of period 2 if and only if 7=0. Now Pjj Tj _i transforms TFj into 
W_^ ; while TFf =[—1,0,1,1] is of period 3 and differs from TF^^ "We 
obtain therefore two reduced forms : TF^ of period 2 and TFj of period 6 . Let 



next «,„ = + 1 . 



The resulting operator (3) is transformed by Xj 
ri -1 ST 



-VllA, 



into 



Z, = ± 



1 

s 



('5 = — >12 — Jn)- 



The latter is transformed into Z^ = T^^ _i T^o by the operator [ , , — S , ] 
of i?2i6' ^ow Zl = Pi2^2, -n since W^ transforms ^2,-1 into Pjj. Hence Z,, 
is of period 4 in the quotient-group G. 

Consider finally the conjugacy of the operators of iZj^g under the group -^"215. 
Now >F(, transforms Pj2 into T _i . Again, TTq transforms \h, , c , 7] into 
[Z; -f 7 — c, 0, ^ — 7, ^ + 7 + c]. Hence W^, transforms \_k, 0,0,7] ^2,-1 
into [^'+7, 0, k — y, ^+7] Pjj • The latter is transformed into 
[_^_^, 0, ^ — 7, 0]P,2 by [0, 0, 0, y^-f 7]. Now —^-7 and k-y 
are not both if ^ and 7 are not. 

Theorem. The oj^erators of II„^^ are of period 1, 2, 3, 4 or 6. Those of 

period 1 or 3 are \_h, 0, c, 7]. Within H^^^, those of period 2 are conjugate 

with Pj2 ^'2, -1 i ^'1,-1 "^ ^) / ^^ose of period 4 are conjugate with Z^ = J'3 _i TFo ; 

those of period 6 are conjugate with W^, [^, 0, 0, 7] Tj _j, or 

[ =t 1 , , , ] 1; _j P12 , where k and 7 are not both . 

The subgroups of order 6. 

6. Theorem. Within G, the cyclic subgroups of order 6 fall into 4 dis- 
tinct sets of conjugate subgroups, representations of which are 
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C'o = ( A, I ^1, -1 ) » C'o = ( A, 1 A, -1 ^i, -1 ) 7 

C'e' = ( -^1, 1 A, 1 ^1, -1 ) ' C'e = ( Pi2-Z^i, _i y':, _i ) • 

They are self -conjugate only under G-,^ , IQl , K^^ and Gl^ , respectively . 

[1 h a 
i 1 



(5) 



^72 = 



0/3 



(aS-/37=l) 



(6) ir,:={K;, T,__„ P,,)={[k, 0, 0, 7]^, (B=I, T,__„ P,.„ T,,_iP,,)}, 

(7) (^04 = { C, CTo, _i , CZ), C7;, _,D,{C ranging over C;)} , 



(TJ 



Z> = 



1 





1 


1 





-1 





-1 


1 


1 


-1 


1 





-1 





1 



The theorem follows from 1^,^ except as to the characterization of the groups 
of order 72, 36, 24. By In^, L^^ ^i, _i is commutative only with the substi- 
tutions of G^2- ^J Iiioi -^1,1 ^1,-1 is not conjugate with its inverse. By lug, 
-^1,1 A, -1^1, -1 is commutative only with [7, 0, 0, 722] T'j, ±i! it is trans- 
formed into its inverse by Pij • Also ij j L.2^ ^ T^ _, is commutative only with 
[7, 0, 0, 722]^, ±1) while it is transformed into ij , Z/j 1 21 _i , the same as 
the former in the quotient-group G, by jP^o. Finally, P = P^^L^ _i T^ _^ is 
commutative only with its powers and their products by T, _i , which transforms 
P into PT-^ -iT„ _i. The only homogeneous substitutions transforming P into 
P~^ are found to be the 6 operators 



(8) 



=b 



1 


7 


±1 





-1 





1 


±1± 7 


-1 





q=l 






=h 1 ±7 

1-7 
1 



which may be written as the products CD , C ranging over C^. 

7. Theorem. Within G, the non-cyclic groups of order 6 fall into 3 dis- 
tinct sets of conjugate subgroups, representatives of which are 

(9) A=(A,iA,i,Tro),2>; = (A,-,A,i.A2),^;' = (A,-iA.,,A.^.-:). 

They are self -conjugate ordy tinder G^^^, H^^, -^36' resp>ectively, lohere 
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(10) G,,= { [k,0,c,k-c-\T, (r=7, r,,_,P,„ TF„, T,, _, P,, F; ) } . 
The subgroups sought are dihedron 6?^ . 3 generated by A and B with 

(11) ^^ = 7, B'=I, BAB = A-\ 

We may assume that A is L^ ^ , L^ j L^ j or L^ _i ij j ( § 3 ) . But L^ j is 
excluded since it is not conjugate with its inverse within G. 

The cyclic group generated by ^ = L^ _j L„ j is self-conjugate only under 
-^108 {%^)i whose operators of period 2 are conjugate with jTg^i, Pjj, or 
P12 72, -1 (§ 4) . The last two transform A into A~^ , but 72 _j transforms A 
into itself and is excluded. 

The cyclic group generated by ^ = 7j 1 L^^ 1 is self-conjugate only under 
H^iR ( § 4 ) , whose operators of period 2 are conjugate with Pj2 72 _i , 72 _i , or 
TFo (§ 5). The first two transform A into itself and are excluded, while W^ 
transforms A into A^^ . 

An operator which transforms D'^ into itself must transform the subgroup 
( 7] _i Xj^ 1 ) into itself and hence belong to H^^ . Moreover, it must transform 
P12 into one of the 3 operators Lf = 7j _j72,«-fi2 of period 2 in T)^. Now 
IT = [^, 0, c, 7] 72^ ±1 transforms P12 into 7j,_^ ; while V s [X-, 0, c, 7] 7, ^j Pj2 
transforms P]2 into 7 j. Hence TTjo^ transforms T^jj into itself. 

For Dg , we seek the operators of TTjgj which transform Pjj 72 _j into one of 
the 3 operators il!^= B^^ _f L^^ i P^^ ^2, -t of period 2 in Pg. For C the con- 
ditions are c = 0, t ^ k — 7; for V the conditions are c=0, ^ = 7 — i. 
Hence -O^ is self -con jugate only under the group (6). 

For 7)g, we seek the operators of T^j^ which transform TF^ into one of the 
3 operators iVJ = 7^ ^ B^^ ^ W,, of period 2 in 7)g . For CT" the conditions are 
±l=-fl,fc=c-|-7, <=— ^ — 7; for V the conditions are ± 1 = — 1 , 
c= k — J, t = — k — y. For (3) the conditions are 

for the upper signs : a^^ = — 1 , a^^ = 1 , 7^2 = — 7„ - < = 7i3 + %i - 7n • 

for the lower signs : a^^ = — 1 , a^, = — 1 , 7^2 = 721 , t= y^ — 7^, — 7„ ; 

The resulting operators (3) are respectively 

[ 7l2 •. , 7i2 — 721 5 721 ]'W'o, [— 722 . , — 722 — 7ll , 7ll] ^2, -1 ^12 Wo . 

Hence 7)^ is self-conjugate only under the group (10). 

The siibgroups of order 12 . 

8. Theorem. Within G, every cyclic subgroup of order 12 is conjugate 
with 

(12) (7.2 = (i7A,i)- 
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The latter is self -conjugate only under the group 

(13) C^ = {C,„A), A:^', = ^,+ r^,,v', = h-%. 

For proof, see Iijg . Note that A^ = {M^^L^^^f = T^^ _, . 

9. Theorem. Within G, every non-cyclic commutative subgroup of order 
12 is conjugate with K^^, every dihedral subgroup of order 12 is conjugate 
with D[^ or else with D\^, where 

(14) K,, = {Ci,T,^_,), d;, = (c;,p,2)' d:, = {CI,d). 

They are self conjugate only under G*^^, K*^^ and G\^^, respectively. 

A non-cyclic commutative T^^ or a dihedral Fj^ contains a self -con jugate 
cyclic Fg and an operator of period 2 not in the latter. By § 6 we may take 

c,, c;,(7;:orc:astheF,. 

Since Cg is self -con jugate only under G^^, which contains a single operator 
T^_i of period 2, it is to be excluded. 

The groups C'^ and C"^ are each self-conjugate only under K^^, which contains 
exactly 7 operators of period 2, viz., 

^2, -H Li_^L.y.^P^„, -^1, — y -^2, Y ^3, -1 -^12 • 

Since ^2,-1 ^nd -J^i, — y -^2, -y 1'© ^^ C'^, we may limit the extender to P^^ and thus 
obtain Z?i2 . Since T^ _^ lies in C^' , we may limit the extender to L^ _^ X3 ^ Pjj . 
But Xj ^ transforms the latter into P^^ and transforms C", into itself. There 
results K".^ = {C^, P^). But P^L,,-! transforms -STj., into ir"^ since it trans- 
forms Pj^Li _i Ti _i and T^ _i into the generators P12Z1 jij, 1 ^2,-1 and y| _i 

of(<7;',p,2). 

Finally, C^ is self-conjugate only under Gl^ . The only operators of the lat- 
ter commutative with P = PnL^ _jT] _, are those of JT^n ; the remaining oper- 
ators P' Z> and P' 7^2^ _, Z> ( z = 1 ,' ■ • ■ , 6 ) transform P into P-^ ( § 6 ) , the first 
6 being of period 2 and the last 6 of period 4. 

A dihedral Fj^ contains a single cyclic F^. Hence P*^ is self -con jugute only 
under G24. Likewise, a substitution commutative with Pj, must belong to 
^35. But all the operators of period 2 in the latter belong to PJj- Hence 
PJ2 is self-conjugate under ^35. 

Since A'jo contains the single self -con jugate cyclic group (Pj 1X2,1) of order 
8, an operator transforming Xr,2 into itself must belong to P^ie (§ '^)- Since 
X^j2 contains the single self-conjugate group 

(15) {/, P2,-H •^I2A,lp2, -1 ^1,-1) AzA.lA.-lj 

of order 4, an operator transforming JT^^ into itself must belong to a group of 
order 96 or 64 by III, or by the table. Hence IC^^ is transformed into itself 
by at most 24 operators. But XTij is a subgroup of G24 and hence self -con ju- 
gate under it. 
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10. Theorem. Every mihgroxvp simply isornorphic with the grouj) generated 
by the two operators R and S subject to the generational relations 

(16) i?<' = /, 8' = Il\ S-'IiS=Ii-' 
is conjugate within G with the group 

(17) G%={P\P^T,^_,D, (P^P,,A,-iyi.-i,^ = l,---,6)}. 

Within G , (x*. is self-conjugate only under Gl^ . 

The self -conjugate F^ may be taken to be C,,, C^, Cg',or C^. Now C'^ and 
Cg' are self -con jugate only under Jx^^, which contains no operator of period 4, 
and hence are excluded. 

The group C^ is self-conjugate only under G^^- But an operator (5) is of 
period 4 if and only if^ = 0,a-f-S=0 (IV), when it becomes 

(18) ^[ = ^i,v'i=Vi,^'2 = '^li+yV2^V2 = /3l,-av.^ ( — a« — ft'sl). 

The r,2 must contain 6 operators of period 4 and hence contain every (18). 
But Li^^T.,^^, (18) is neither in Cg nor of the form (18) if 7 + 0, ;8 4= 0. 
Hence also Cg is to be excluded. 

Finally, CI is self -con jugate only under Gl^. Now P'T^^ _i D and no further 
operators of GI4 are of period 4, where P = Py,L^ _i Tj _i , since 

( p^ r,, _i i> )^ = P,2 A, 1 ^2. -1 i., ^. = P'- 

By § 6, P'T„ _^D transforms P into jP"~' . Hence 6^*2 satisfies the conditions. 

11. Theorem. Within O, every subgi'oiip simply isomorphic with the 
alternating group) on 4 letters is conjugate tvith one of the two groups 

G,,= {I, C,C„ i?3, B,C,C,, C,C,BJV, c,c,c,c,Bjr, 
^^^^ B,C,C,W\ Bfi,C,W\{i = 2, 4)}, 

(20) (?;^=,;r,r(^,?,|,),r(f,f,lj,(r = /, c,c„ c;a, cfi,)]. 

They are self -con jug ate only under the respective groups 

(21) G,^ = { r, TB.^ W, r W'B., = r^, C^ C, W , (r ranging over G'J}, 

(22) ^»^= ^^' ^^^' (^i^3)(^.^5)r, (^Js){U.)'^AUJ.)'^,{U.UT, 

(F ranging over G^^)}. 

For the self-conjugate- _/bt<r-^?'ow;5, we may take Gl, K\, K'l or K\. 
Within O, these are self -con jugate only under (r^^, H^^ 11^^, G^^, respectively. 
Hence G'l is excluded. The only operators of period 3 in 11^^ are the last 8 
operators (20). They must therefore all occur in the group of order 12. They 
extend IT^ to G[^ and If'^' to 11^^, defined by (43), so that IC^' is excluded. 
The only operators of i^eriod 3 in G^^ are seen (see § 22) to be the last 8 oper- 
ators (19). Combined with A'^*, they give G^,. 
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12. Summary of the suhgroiq^s of order 12. All have now been determined 
since the five types * of groups of order 12 were examined in §§ 8—11. 

Theorem. Every existing type of group of order 12 is represented among 
the subgroups of G. Within G, they fall into seven distinct sets of conju- 
gates, two of the dihedron type, tico of the type of the alternating group on 
four letters, and one of each of the three remaining types. 

The subgroups of order 18. 

13. Theorem. The group G contains exactly seven distinct sets of conju- 
gate subgroups of order 18, representatives of which are 

K,, = ( A\ , r,, _, ) , Ki = {Ki, r,, _, ) , icz = ( Al* , r,, _, ) , 

(23) G:, = {KI,P,,), H\,=={Kl,P,,T,^_,), 

^Ts = { J^T^ P\2 ^2, -1 ) ? G^I8 = ( A'a' , TT'o ) . 

A Fjg contains a single (self -conjugate) subgroup F^. But within G a cyclic 
Fg is self-conjugate only under a F^^ by II^j, . As the F^ we may therefore take 
one of the non-cyclic groups K^, K\,K** (Iljgj). 

The group K^ of the operators \h, 0, e, 0] is self -con jugate only under G^^^^ 
by IIjjj, which contains exactly the 9 operators [0, a, j, 0] 11 -i of period 2. 
If a = , the latter is transformed into T2_il>j[^0,0, — 7 , ]; if a 4= it is 
transformed by the substitution T,2,yia of Gjf^n into [0, a, 0, OjTj _j. The 
latter is transformed into Tj, -1 ^J the following substitution of G^^^ '• 

(24) ^; = 1^ — a^^, 9?; = 97^ -f ai^^ . 

The group If^ of the operators [^,0,0,7] is self-conjugate only under 
iZjiig by IIjj^ . By § 4 the operators of period 2 of H^^^ are conjugate within 
^108 with Pjj, Pj2 ^2, -n or T2__i. Of the resulting groups Gin,JIil, ir*g, the 
first two each contain exactly 3 substitutions of period 2 and the third only one. 
The 3 of the first and the 3 of the second have the characteristic determinants 
{p'^ —ly and (/3^ 4- 1 y, respectively. Hence no two of these three groui^s are 
conjugate under linear transformation. 

The group A'^** of the operators [ — 7,0,0,7] is self-conjugate only under 
^216 (^66 foot-note to § 3). The operators of period 2 of II^^^ are conjugate with 
•^12 ^2, -1 i ^2, -1 or TFq (§ 5). No two of the resulting groups ( A',,*", Q ) , 
Q = Pii ^2, _i , ^2, -1 or Wq , are conjugate within G . Indeed, [—7,0,0,7] W^ 
is of period 2 if and only if c -)- 7 s 0, so that {K^, TTq) contains exactly 3 

*Caylky, American Journal of Sfathematios, vol. 11 (1889), pp. 151-3. In his 
substitution V ot B4, (rfj) should read [gj). In Miller's list, Quarterly Journal, vol. 
28 ( 1896) , p. 255, the group 12i should have (ag)(bh)(ci) {dj) {eh) {fl) as the second gen- 
erator. 
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operators of period 2, each with the characteristic determinant (p^ -j- 1 y. Since 
[ — 7 , , c , 7 ] ^2 _i is of period 2 if and only if 7 = , the group (ICg**, T^ _^ ) 
contains exactly 3 operators of period 2, each with the characteristic determi- 
nant ( p^ — 1 y. Finally [—7,0, c , 7 ] P,, 71, -1 is of period 2 for every c and 
7, so that (^**, Pxi ?2,-i) contains exactly 9 operators of period 2. 

14. Theorem. Within G, the group K^^ is self-conjugate only under 



(25) ^54=(^27, ^2,-0= {[^,0,c,7]7;,,i (^-,c,7=0,l,2) 



The operators of JT^g, not in ^ are [k, 0, c, OJTIj, -i- The latter is of 
period 2 if and only ii k = . The general operator (6) of l\j^ in G^^^ trans- 
forms T^^ _j into an operator [ , , c , ] Tj _i if and only if a,2 = , 712 s cotj; , 
provided we set oijj = -f 1 , as we may. The operators (6) with a,^ — form IC^^ . 

15. Theorem. Within G, the group JT^l is self-conjugate only under K^^. 
The only operator of period 2 in K^^ is J^ _i . It thus remains to determine 

the operators of jETi^g which are commutative with T.^^ _i . For C^ of § 3 , the 
condition is c = 0. For F^the condition is c = 0. 

16. Theorem. Within G-, the group G*^is self-conjugate only under ff^,,^- 
The only operators of period 2 in G\g are iVJ= [—^,0,0,^] P^^- 1^"* 

U and F of § 3 transform P^.^ into iV^._^ and iV^_,^ , respectively. 

17. Theorem. Within G, the group H\^ is self-conjugate only mider JlI^. 
The only operators of period 2 in ZT*^ are Qt= [— t, 0, 0, t'] Pj, T.y _i . 

Now U transforms Pjj T^^ _i into Qi if and only if c=0, t = k — y; while 
F^ transforms Pjo To _i into Qi if and only ifc=0,<=7 — /i;. 

18. Theorem. Within G, the group -fiT," is self-conjugate only under jff^os. 
The only operators of period 2 in A'J* are P, = [0, 0, <, 0] 7!, _;. Now 

U and F transform ^2-1 into P±c, so that A'"^ is certainly self-conjugate 
under //mg. But T.^ _^ Y= Y R^, where Y is of the form (3), requires a.,^ = 
and is impossible. 

19. Theorem. Within G, the groiq) H*^^ is self-conjugate only under H^.c- 
The 9 operators S^^^= [ — 7, , c, 7] Pul!,, -1 belonging to HH but not to 

A'" are all of period 2 (end of § 13). Now C^and F transform P^nT, __i into 
'S'ic, A-Y ^"*^ 'S'^c, v-*' respectively; while (3) transforms it into S^^^ where 

c = «2i(± 7,2 - 7„) =F 7i2 - 7,1, 7 = «2i(=F %2 - 72, ) - (± 7,, - 7„)- 

20. Theorem. Within G,the group GH is self-conjugate only under 

(26) ^-=(^^«'^^.-^-) 

= {[-7,o,c,7]i?, (i? = /, TF„, r,,_,p,2, Tnr2,_,p,2)}, 

whose 36 operators may be exhibited in the explicit form 
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The only operators of period 2 in GH are Yt=l_t, 0,t, — f] Wq. We 
seek the conditions under which S~^ W^,S = Y^, where S belongs to H^^^ . For 
S= U, the upper signs must be taken and y = — k,t = — k —c. For S = V, 
the lower signs must be taken and y=— k,t=c — y. For (3), S must be of 
the third type and < = — y^^ ^^ 7ii according as the upper or the lower signs hold. 

The suhgrotips of orders 10 and 20. 

21. A group of order 10 or 20 contains a single (self-conjugate) subgroup of 
order 5. Within G the groups of order 5 are all conjugate, and each is self- 
conjugate only under a r^^ by I^^g or as shown below. 

Consider the group G^ generated by K of I^^^ . The homogeneous substitu- 
tion _5" is of period 10 since ^ ^ = Tj _i I'j, -i • The corresponding operator in 
the quotient-group G is of period 6. Within G, JT, K^, K^ and K*^ are all 
conjugate, there being a single set of conjugate operators of period 5 by Ijjg. 
The conditions for KS = SK''T^_-^T„^_^ in the homogeneous group are seen to 
require that 

a y 

«+^+7 -a^^-Z 
— a -\- y — 8 /3-)-7+8 
The abelian conditions on S then reduce to 

^2 + ,/ _ ^2 _ 82 _ a;3 _ Ctry _ 

_ ^2 _ ^ _ a^ - 8^ + a^S - a7 - /3S + 7S + fita + /37 = . 

If a = , we find by addition that 8^ -)- /8S -f /37 = 1 . Since S = is excluded, 
we may set 8 = -)- 1 , placing the ambiguity in sign before the matrix. From 

/3(l + 7) = 0, ^2^^2_^_^^_1^ 



.^=d= 



/8-f 7 + 8 


— a -j- 7 — 8 


-a-f /3-8 


« + /3 + 7 


-8 


-/8 


-7 


— a 



/38-78 = l, 
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it follows that 7 =)= 1 or . With 7= — l,/8 = 0orl, giving respectively 
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If a = 1, then (/3, 7, S) = (-l, 0,0), (-1,1,0), or(0,0,-i; 
respectively 
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The five Sf are of period 4 and no one equals the inverse of another, their 
squares being distinct. Hence G^ is self-conjugate only under 

(28) G,„ = {A-', S{, (^, « = 1, . . .; j= 1, 2, 3)}. 
It contains a single subgroup of order 10 : 

(29) G,,^{A',S-i,{i,t=l,.--,5)}. 

Theorem.* A subgroup of order 10 or 20 i& conjugate withhi G ivith G^^^ 
or (tjj, respectively. The latter are seJf-conjxigate only wider G^^^. 

The sxibgro'ups of order 24. 

22. The single t type of group of order 24 which does not contain a subgroup 
of order 12 is considered in § 30. Consider here the V^^ which have a (self- 
conjugate) subgroup Fj^. The 7 distinct sets of conjugate Fj^ in G are repre- 
sented by(7i2, -5^12, Z)i2, -O12, G^2 5 6^12 5 G'12; they are self -conjugate only under 
C24, Gl^, K^, Gli, Gl^, Gig, Kjn, respectively (§§ 8-11). Hence D'^^ is ex- 
cluded, while each of the groups C,2, JTi-^, -Oj,, and GI2 leads to a single F24. 



* Compare the corresponding investigation on the orthogonal form 0, § 46. 
fMlLLEE, Quarterly Journal, vol. 28 (1896), p. 274. 
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We next determine the T^^ which contain G^^ . The 8 operators of period 
3 in G^^ are the last 8 operators (19). Their products by C^ C^ C^ C^ evidently 
give the 8 operators of period 6, viz., 

(30) B.W, B.C^C.W, B.C,CJV\ B.C.C.W (.- = 2,4). 
The 19 operators of period 2 are 

C,C„ i?3, B,C,C,, B,C,C„ B,C\C,C,C,, Cfi,. 0,C,C,C„ C,C„ 

(31) C,C„C,C„C,C, 
C,aB^W,CA^W,aC,B,W'-,C,C,B,W'- (. = 2,4). 

The 12 operators of period 4 are 



(32) 



B,CA, B,OV„ B^.C,C,W\ BV,C,W\ 



(j = l,3;i = 2, 4). 



(33) Gl = 

(34) i,,= 

(35) T,,= 



B,C,C,W, B,C,C,W, B,C,C,W, Bfi,C,W 
Now CjC^, C^C.^ and CjC,, extend G^^ to the respective groups 

r, G,c,v, (7,<7,r, c,c,c,c,v (r = /, ^3, b,w,b,w) 

B. C, C, W\ B^ C, C, W\ B, C\ C, W\ B.C^C.W ( ^ = 2, 4 ) 

r, C,C,V, C,G,T, C,C,V,B^C,C,W\B,C,C,W\ 

C,C,B,W, C,C,B,W, C,C,B,W, C,C,C,C,B^W, 

Cfi^B.W\ C,G,B^W\ C.C.B^W 

r, C,C,V, C,C,T, C,C,V, B,G,C,W\ B,C,G,W\ 

C,C,B,W, G^C.B.W, C,G,B.W, G,G,G,C^B^W, 

Gfi,B,W\ C,C,B,W\ Gfi.B.W 

where in (34) and (35), T = /, ^3; 1=2,4. Now all the operators (31) oc- 
cur in these three groups ; all the operators (32) occur in the last two groups. 
No two of the three groups are conjugate within O since * Gl^ contains Gl 
self-conjugately, while L^^ contains three groups conjugate with L^, and T^^ 
three groups conjugate with T^. 

To determine the F^^ which contain (^J^, we note that the operators of period 
2 in H^^ are those of G^^ together with 

(36) {^,^,){ll)0 {C=I, C,C„ C,C., CCaC.C.; r,s = 2,4,5). 

Those of period 4 are given when C ranges over the remaining 12 operators of Gj^^ . 
Now CjCg, CjCj, C2C3, B^ and C^C^B^ extend G[^ to the respective groups. 



* There are exactly 7 operators of period 2 in G^ and 9 in each L^i and T.^. 
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(37) ^-=^^'^(^^^^^^)"' 

(r=/, C^C^, ^2^4' ^5^0' ^2^5' ^4^5' ^2%' ^-(^o)}' 

^^„, G^24=(r,r(|,|j,)-\ 

(38) 

(r = /, C^C.^, ^l^V ^2^4' ^l^S' ^'fibl ^4^5' ^3^o)}' 

(39) {r, r(^2i^f5)*s(r = /, CjC^., C'2(7j, CjC^, CjC^, CjC^, c^c^, CjC,,)}, 
...X ^24= {r, r(f,f j,)=^\ ri?3, r(^,^3)(f,^,), r(^,f3)(^,|,), 

(r = /, c^c^, CjCj, cfi^)). 
r,, r,(|,^,f,)-s r,53, r,(|,i3)(f,|,), v^xU^){U-:)^ 

1 C'lCj/ 



\r'2= c'lCg, C'jC'ij, c^c^, ^4--o 



All the operators (36) lie in these five groups. Of the operators of period 4, 
the square of CB^ is O^C^ if (7= C^C^, ^fif,i G„C^ or Cfi^; the square of 
C(li^s)(?2^a) is G^G, if C= C,C;, C,C„ C,C, or C,C„; the square of 
C(l.^3)(^4^5) |s C,C, if (7= C,(7„ C.C,, C,(7, or C,C,. But these 12 
operators of period 4, whose squares belong to G[.-^ and hence extend G^^^ to a 
r^^, belong to the groups (40) and (41). The squares of the remaining opera- 
tors of period 4 in H^^ do not belong to G[^ and hence such an operator of 
period 4 extends G[^ to a F^. Finally, all the substitutions ^(^2^4?5)'^^ ^ 
ranging over G^^, of period 3 or 6 in H^ belong to the groups (37)— (39). 

Now B^ transforms (39) into (38) ; C^C^ transforms (41) into (40). 

23. Theorem. Within G, the group C^^ is self-conjugate only under G^^. 
The group C^^ defined by (14) is the direct product of the cyclic group 

Cj = ( Xj 1 ) by a group Fj affecting only f^ ^.nd j/^ By IV the latter is com- 
posed of the identity, one operator T^^ _i of period 2, and 6 operators of period 
4. Hence Cj^ contains a single cyclic subgroup C^. But the latter is self- 
conjugate only under G^.-^, the direct product of C^ and a binary group F^^ 
having F^ as a self-conjugate subgroup. Note that F^ is of the type F"^ . 

24. Theorem. Within G,, the group G\^ is self -conjugate only under 
itself. 

Of the operators of G*^, every P^T.^^^D is of period 4; P, P\PT^_^, 
P^T.,_ _i , P^T^^ _i and P*T^^ _i are of period 6 ; P" and P' are of period 3 : 

P\ T,,_i, P'T,^^„ P'D (i = o,l,.-,5), 

are of period 2. Hence 6^54 contains exactly 3 cyclic subgroups of order 6, 
G\= (P), Cl= (P^Tj^i), and (P2'2__i). The latter is transformed into 
Cg by Z>, which transforms P into P~', and T^^-x into P'5^ _i. Now 
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Cj and Cj are not conjugate under G (§ 6). Hence an operator of G which 
transforms G^2i into itself must transform Cg into itself and hence belong to 

25. Theorem. Within O, the group G^^ is self-conjugate only under G^^. 

The only subgroup of order 8 of Gl^ is G^ (§ 22). The latter is self-conju- 
gate only under JI^^^ = ( G^^, W) by Illjg- Now B^, C^ C^ and B^C^ C^ trans- 
form B.2W into C^C^W, BgW sind. C^C,B^W, respectively, none of which 
belong to Gl^. Hence the product of any operator of G^^ (which transforms 
Gl^ into itself by §22) by B^, Cj^C^ or B^C^C^ does not transform G^^ into 
itself. But rC,C,, TB^, TB^C^C,, where T ranges over G[^, give all the 
operators of Gf^^ not in G{^. 

26. Theorem. Within O , X^^ and T^^ are self -conjugate only under G^^ . 
The group i^^ contains exactly 3 conjugate subgroups of order 8, one of 

which is Z'g. The latter is self-conjugate only under G\^ by III35. Hence at 
most 3 ■ 16 operators of O transform L^^ into itself. But L^^^ is a subgroup of 
G^. The proof for T^^ follows by replacing L^^, L^ by T^^, T^. 

27. Theorem. Within O, the group G'^^ is self -conjugate only under H^. 
Indeed, by III29, the self -con jugate subgroup G'^oi G'!^^ is self-conjugate only 

under H^. 

28. Theorem. Within 0, the group L\^ is self -conjugate only under* 

(42) G':,= {G'[,AU.^.)}- 

The group L\^ defined by (40) contains 9 operators of period 2 and hence 3 
subgroups of order 8. Now B^ transforms L\^ into { ij, (^i^slj) } • 2"* L^ 
is self-conjugate only under (rj^ by Hlg,- Now G^C^^ which extends L^ to 
G^Jg, transforms L^ and (^j^jl^) each into itself. Hence { Xg, (Ij^j^^) } is 
self-conjugate only under { G\^ » ( li I3 ^5 ) } ? which is transformed into (42) by B^ . 

29. Theorem. Within O, the group) G^^ is self -conjugate only under 

(43) H^={Gu^{^M.)}- 

The group G^^ defined by (38) is transformed by (fif^) (I3I5) into 

(44) {G,,{^rU,)}- 

Now (rg is self-conjugate only under G^^^ by HI,,, . But the only even substi- 
tutions on li, ^2' ^3' ?4 which transform into itself the cyclic group generated 
by (^1^2 ^3) ^^^ t^® powers of the latter. Hence (44) is self-conjugate only 
under the group { G-^^ ? (Ii ?2 ^3 ) } °^ order 48. Transforming it by ( ^j ^^) ( I3 ^^ ) , 
we obtain H^^. 



■ yfg readily see that the order of (42) is 48 and that it is a subgroup of Big. 
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30. Theorem. Within O, a suhgroup simply isomorphic loith the group of 
order 24 generated hy four operators subject to the generational relations 

A' = I, B' = A\ B-'AB = A-\ C = I, C-'AC=B, C-'BC=AB 

is conjugate with one of the three groups 

(45) i^,,= {i^;',(^,l,^3)}, i^;,= {i^;',Tr}, fi^={f:,{UAW]- 

As the subgroup generated by A and B we may take F'^'. Now ( Ij ?^ ^3 ) , 
W, and each B. transform F'^ into itself. But (f^Ug), (^^^g^J, and B^ 
transform B^C^C^ into B^C^C^, B^C^C^, and B^C^C^, respectively; B^ trans- 
forms B^G^C^ into Bfi^C^\ B^ transforms Bfi^C^ into Bfi,fi^. Hence we 
may take A = B^C^C^^. Next, B^ is commutative with B^C^C\, and trans- 
forms B^C\C^ and B^C^C^ into B^C^C^ and B.^C^C^, respectively. Hence we 
may take B = B^C^C^ or B^C\C^. Since F^" is self -con jugate, C must leave 
I, fixed (HI,,). 

For B=B^C,C„ the conditions AC= CB and BC= CAB give 



C = 



subject to the single condition a^^ -f- aj^ + «u + ^L — ^ • -"^^ <^"® ^'^ t^® '"i • i^ 
= , then three are, the resulting substitutions of period 3 being 

i^^U,)^ aj.A)0,c„ {^jjjc,c„ {^M.)c,c,. 

But B.^C^C^, B^C.^C\, B^C^C^, which transform F^' into itself, transform 
(M,^,) into (^,?3^JC3<7„ (f,?,^,)C,C„ {IU;)G,C,. 

Let next each a^ =4= in C. The conditions for C^ = C""' are 



«11 


«12 


«13 


«H 





-«u 


'^a 


-«.2 


«,1 





-«12 


^11 


«14 


- «13 





-"^13 


-«14 


«I1 


«.2 

















1 



«11=1-«12«14- 



-<^14=-1 + «.1<^12+«U«13 + 



- a,2 = - 1 -t- a^ocjj + ajjoc,^ + a^^a^^, -a^^=-l + a^^a^^ + «n«u + «i2«u- 
Eliminating a,j from the last three, we get 

(«i2«i3-l)(«u + l) = 0, (a,3«,, -1 )(«,,+ ])=0, 

(«12«U-1)(«.3+1)=<^- 

If 0Cj3 = 1, the conditions give merely a^^ = a^^, a^^ = a^^. If a^^= — 1, they 
reduce to ( a^^ -J- 1 ) ( a^^ + 1 ) = , a^^ = a^^ a^^ . The resultant operators are 
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a 


a 


1 


a 0' 






' «2'^4 "^2 


-1 


«4 





— a 


1 


— a 


a 






-«, -1 


-«2 


«2«4 





— a 


a 


a 


-1 


1 




— o.^ cL^a.^ 


«4 


1 





-1 


— a 


a 


a 






1 -a. 


a^a^ 


«2 














1 















1 
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[(a, + l)(a, + l)^0]. 

Call them C^^^ and (7^„,,,, respectively. Now C_i__i = TF, so that we have the 
group {Fi'\ W). Next C'_i,, = C^ (7, TTCs C^ , which CjCj transforms into 
WB,C^C^, an operator of (i^,'", W). Again, C,,_i = Cj Cj TFC^ C4 , which 
C„Cl transforms into TFSg Cj Cj , an operator of (-Fj'", TF). But TT trans- 
forms Fi" into itself and C(_i) into C^ _,. Finally, C(+,) = W^{^^^-i^i). 
For B=BJJ^C^, the conditions J.(7'= C'^ and 5C'= CAB give 





1 



C" = 



— a,. 







subject to the single condition cl\^ + aj^ + afj + aj^ = 1 . If one of the a,^. 
is = , then three are, the resulting substitutions of period 3 being 

(^,^,^3), (f,^2fJC',C„ {U,.t^G,C,. {IM,)C,C,. 

But the last three are the transforms of ( ^j |^ f 3 ) by B^ C^ C.-, , B^ C^ C.^ , B^ C\ C^ , 
respectively. The resulting group [(i^',", (^i^^^a)] is transformed into F^^ 

by ^2- . , .. ,^ ,_, 

Let next each aj. =j= in C. The conditions for C = C are 



«„ = 1 + a,,aj3 — «,„«!, + ^isOIh' 



— 1 + o!„o;j2 + a„aj^ + «i2«h> 



«U = 1 - "^ll '^12 + «U «1S + «X3 «13 ' - «13 = - 1 - -^ll '^13 + «11 '^M " '^13 «U " 

Eliminating a^^ from the last three, we get 

If a,3 = 1 , the conditions reduce to (a^^ + l)(^a^^ -j- 1) = and cZjj = a^^ a^^ . 
If aj3 = — 1 , they reduce to a^^ = ojj^, «„ = a^^- ^^^ resulting operators are 

Trans. Am. Math. Soo. 10 
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-1 



— a — a 



1 





0' 












J 







1 





«2 


1 


«4 





«4 


-«2«4 


-«2 





-1 


S 


-«2«4 





a^a^ 


«4 


-1 














1 



[(a,+ l)(a, + l)^0]. 



Call them C[^^ and G'^^^^^ respectively. Now W transforms C[_^y^ into 
W{^,^,i^)B,C,C^, which 'belongs to F^^. Next, C[_,^= W'C,C„ which 



Cj Cj transforms into B^ C^ C^ W^ , an operator of F'^^ 
WB^C.C^C^C^, which C^C^ transforms into W^ . 
W^B^C^C,, which belongs to F^^ . Finally, 

C_,_, = W'B,C,C,, 



Next, CLi _i equals 
Again, C[^_-^ equals 



which is transformed by C^C^ into B^C^CJiV'^, an operator of F'„^. 

Each of these three contains F"^ self-conjugately and hence a single subgroup 
of order 8. Hence a group which transforms one of them into itself must trans- 
form F'^ into itself and therefore leave f, fixed. An operator of the latter is 
of the form WJ, where J belongs to J^, merely permuting ^\, ^\, |j, ^\. 
Hence it cannot transform TFinto an operator of F^^. Hence F^^ and F'^^ are 
not conjugate. 

31. Theorem. Within O, F^^ and F^^ are self-conjugate only under 



(46) 



Gn = 



K^i^^Us)^ W} 



Since (^^^^^s) ^°d TF are commutative, while each transforms F'^' into itself, 
the groups F^^ and F'^^ are each self -conjugate under (r^, . 

To show that there are no further operators transforming F^^ into itself, we 
note that CjC^ and C^C^, C, C, and C^C^, CjC^and Cj C^ , transform (f^^^la) 
into (Ijl^^j)^^^,, (^2?,^3)C;<7,, (^2^J^)C,C^, respectively, while B^ trans- 
forms ( ^^ ?^ ^0 , C^Cg, CgC,, C^C, into(^jf3^J, CjC;, CjC,, CjC;, respec- 
tively. Hence C^C^B^ and C^C^B^ transform (^^^^^j) mio {^^^.^^^)C^C^, 
while no other Cfi.B.^ transforms (f^f^fj) into an operator of F^^. Now 
Cj G^ B^ = B^ Cj Cg and C^ G^ B.^ = B^ 'C\ G^ belong to F'^. In this way it may 
be verified that every operator FG, where E is an even permutation of 
^, , ^2, f 3 , ^^ and C is a product of an even number of the (7., must belong to 
i^24 if it transforms ( ^^ f ^ f ^ ) into an operator of F^^ . 

To show that there are no operators other than those of G'^^ which transform 
i^24 into itself, we note that B^ and B^ transform W into B^G,.G^W and 
B^C^G^W, respectively, neither of which occurs in F'^^. But B^ extends 
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F'l^ to a group of order 16, which ^3 extends to G^^. In view of (47), F[^ is 
self-conjugate only under a group of order ^ • 288. 

32. Theorem. Within O, the group Fli is self-conjugate only under 

(47) G^={G,^^{U,^.), W}. 

Now F\^ is self-conjugate under G^^. Moreover, B^ and B^ transform 
{i,i,^,)WmtoB,C,C, (^,?,?3)TF and B^C,C,{^,^J,)W, respectively, each 
belonging to F^^ . But B^ and ^3 extend F'^' to G^^ . 

The subgroups of order 36. 

33. Theorem. Within G, the subgroups of order 36 are conjugate with 
one of the four: K*^, (?**, 

(48) KZ={KZ,Pn), HZ={Hl,T,^-rW,). 

A T^ contains either a F^g or else a T^^ of the non-cyclic commutative type.* 
Within G, the latter is self -con jugate only under a V^^ (§ 9). Hence a sub- 
group Fjg of G contains a T^^ . For the latter we may take one of the 7 
groups (23). But K^^ is self -con jugate only under K^^ (§ 14) and hence is 
excluded. The group G^^ leads to G'^^ only (§ 20), while K*^ and H*^ lead to 
J^3;only(§15,§17>^ 

Next, (r*j and K^ are self -con jugate only under H^^^ (§16» § -l^)- T^® 
operators which extend one of these Tj^ to a subgroup T^^ may be limited to 
the operators of period 2 of H^^^ or to those of period 6 whose squares belong 
to Fjg. The former are conjugate within TZJo, with P^„, P^,T^_^^ ^2,-1- 
Since P12 belongs to G\^, there results a single Fj^: 

Since T2 _i belongs to KX%i there results only (-6^*8, P\i)= K'Z- Consider 
next the operators of period 6 of H^^^^ given at the end of § 4. Their squares are 
[—^,0,0, —7], [±1,0,0, ±l],and [/^, 0, —7, ^], respectively. The 
first two of these belong to G\^ , while the third does only when 7 = 0. The 
resulting operators of period 6 are \_k, , , 7 ] T2 _i , [=t 1 , , , ] Tj _i P^^ 
and [rh 1 , , , ] P^^ \ th^y either belong to G\f, or extend it to 
( (7*8 , T„ _i ) = K-ii ■ The only ones of the above squares which belong to 
KZ= {"[-7,0,c,7]r2,,,} are [7, 0,0, -7] and [0,0,-7,0]. The 
resulting operators of period 6 are [— 7, 0, 0, 7] T2 _i and [0, 0, 7, 0]Pj2, 
where 7 =)= , the first belonging to ^^ and the second extending it to 
{KZ,P,,) = KZ. 

Finally i7" is self -con jugate only under H^^^ (§ 19). The operators of 
period 2 of i?2iG ^^e conjugate within it with Pjj T^ _i , 71, _i or Wq (§ 6), the 

*MiLLKE, Quarterly Journal, vol. 28 (1896), p. 283. 



148 L. E. DICKSON : DETERMINATION OF SUBGROUPS [April 

first belonging to ZT** , the second and third extending i7** to K**^ and G^** . 
The operators of period 4 are conjugate with 2^ _j TFq (§ 5), which extends H*l^^ 
to H'T^ . The operators of period 6 are conjugate with TFj , \_h, , , 7 ] Tj _j 
or [dbl, 0, 0, 0]r2__iPi2 (§5). Their squares are [-1, 0, 1, 1] , 

\_—h, 0, — 7], [±1» 0, 0, ±1], the last not belonging to i?** and the 
second belonging to it only when ^ = — 7 . The resulting operators 

TFi= [1, 0, -1, -l]TFo and [-7, 0, 0, 7] ^2,-1 extend HZ to 
{HZ, TFo) = (?^ and ( 77*8, ^2,-1) = KZ, respectively. 

34. Theoeem. Within G , the cjTOUf K*^ is self -conjugate only under itself. 
Since -ff^* is a subgroup of H^^^, under which K\ is self -con jugate, K*^ is 

the only group of order 9 contained in A^jt, by Sylow's theorem. Hence K^^ 
is self-conjugate only under a subgroup of -ffios* Since [0, 0, 1, 0] ex- 
tends K*g to K2T1 it extends K^ to -ffiosj t)ut it transforms Tj _i into 
[0, 0,1,0] i; _i, which is not in K*^. 

35. Theorem. Within G, the group JTZ is self-conjugate only under H^^^. 

Since KZ is a subgroup of H^i^, the largest group in which IC^ is self-con- 
jugate, K"^ is the only group of order 9 in KZn- Hence KZi is self-conjugate 
only under H^^ or a subgroup of it. Now [1, 0, 0, 0] extends KZ^^ -^los 
and transforms P^^ into [ — 1, 0, 0, 1] J*j2, which belongs to KZ^- Also, 

PFq extends H^^^ to H^^ and transforms P^^ into To _i. Hence KZ is certainly 
self-conjugate under H^^^. 

36. Theorem. Within G, the group GZa is self-conjugate only under 

(49) GZ = ( GZ, Pn) = (A-r, n_„ P,„ TFo). 

As in the preceding section, GZ is self-conjugate only under a subgroup of 
ZFjie- Now P12 transforms W^ into TFq ^'2 _i Pn and hence extends C3J to a 
group of order 72. Now [1,0,0,0], which extends this GZ to H^^^, trans- 
forms Wo into [0,0,1,1] Wo , which does not lie in GZ ■ 

37. Theorem. Within G, the group HZa is self conjugate only under GZi- 
As in §35, iZJg is self-conjugate only under a subgroup of H^io- Now TFJ,, 

which extends H^^s to i/jic^ transforms ?1, _, Wq into its inverse WoT„_^. 
Hence H^ is certainly self -conjugate under {HZe, Wo) = GZ- The latter 
is extended to H,^^ by [1,0,0,0], which transforms T^^ _^ Wo into 
r2,_i[0, 0, 1, l]Wo (§36). The latter equals [0, Q , -l,'l]n_,Wo 
and is not in HZi since [0, 0, — 1, 1] is not in Ji'Z • 

38. Theorem. No tivo of the groups KZ-,, -K^Ze, G^si -^m '^''^ conjugate 
within G. 

For the first three groups, the result follows from §§ 34-36. Neither ICZ, 
nor ICZ contains operators of period 4 , being subgroups of i/,,, (§ 4). The 
same is true for GZ, since {KZ 1 P12 ^2, -1 ) = ^w ^"^ (-^9*' ^0) = GZ have 
no operators of period 4, while 
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[-7,0,c,7]Pi.2^2,-iTf^ 



± 



' — 1 c + 7 1 7— c 

10-1 

1 c — 7 1 c + 7 
-10 -1 



is not of the form (3) if a.,.-^ = + 1 and hence is not of period 4 (§ 5). But 
//"^ contains T.^^-iW^, of period 4. 

The suhgroiqjs of order 48. 

39. It is first shown that every subgroup V ^^ contains a V^^. A V^^ not con- 
taining a r^^ has * 16 cyclic T^ and hence a self -con jugate V^^. The latter may 
be taken to be G^^.^ or _P,g by III. For F^^ = G^j^_ , F^^ is a subgroup of G^^^, and 
hence is conjugate with H^^ of § 29, which contains the substitution ( ^., ^^ ^. ) C^ C^ 
of period 6. For Fj^^ = F^^^^ F^^ is a subgroup of G,^^. Since G,^^ contains at 
most 16 conjugate F,,, all of them must belong to F^^. Hence the latter is 
{-F,,., TF(^2?^?3)}, which contains TF ( f , f ^ f 3 ) -Sj of period 12, its cube being 

We consider in turn for F,^ the types of non-conjugate subgroups of order 24. 
Now C24, i^24» -^24 » ^n*l ^^^24 ^I'G excluded, being self-conjugate only under (r-3, 
Gr'ri-, G'-2i and Gl^, respectively. Again, Gl^, ^24 ^^^"^ ^24 ^®^*^ only to 6r^g; 
G^^ leads only to 77,, ; Ll^ leads only to G'^^. 

The group G',\ is self-conjugate only under H^^. The operators of period 2 
belonging to H^^ but not to G'^[ are given by (36) and 



(50) 



OjOj, OjOj, OjOj, OjOj, O3O4, O3O., OjO„, O3O1,. 



Any one of the set (36) extends G'^^ to (r^g, given by (42); any one of the set 
(50) extends G'^^ to -ff^g, given by (43). Next, (7(^, ^3)(^j.^J, where C ranges 
over the operators of G^^^ other than /, C^C^, ^r^,^ ^\^-i^,-^si S^^® ^^^^ oper- 
ators of period 4 of 7?g|, . Their squares all belong to G'.,[ . Now Cj C^ B^ ex- 
tends Cj^ to 
(51) 



4^ 



{-^;c''(^2^4eo 



1 



composed of the substitutions of G'^[ and '^B.^, 1,[^^^.-^)[^^^.^), 2(^jf3)(f^f.), 
■where S ranges over the set (50). It contains all the OB,^ of period 4 except 
C.C.B.,, C,C,B^, 0,C„B^, C,aB„ each of which extends G" to 
(G^24, B^)= G'l^; it contains all the Cdj^j)^^^^) of period 4 except for 
C= C,C„C,C„ C,C^„ C,C,; while, for these, C{^,^^){^,1^) extends G'!,, to 
G'^'^'g; likewise for the C{^^^^){^^^;^). Finally, the operators of period 6 of H^^ 
are the F(^,fjfj,)=^\ where F ranges over the operators of G^j^. other than /, 



♦ Miller, Quarterly Journal, vol. 30 (1899), p. 245. 
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O^C^, C^C^^ ^4^5' which furnish operators of period 3 belonging to G\^. 
Hence the squares of those of period 6 belong to G"^^. Any 2(^2^^^^)=^', 
where S is one of the operatoi-s (60), extends G"^^ to H^^; the remaining ones 
belong to G"^^ . 

Finally, F^^ is self -conjugate only under 6^288- To the latter corresponds 
{Linear Groups, § 189), the abelian group 



(52) 



""288 



a 6 1 
c cZ 








«, 



1 



d. 



[ad — he ^ 11 
a,cZ, -6,Cj = lJ 



since the second compound of the general operator (52) leaves T'j^ and Y'^^ un- 
altered. By IV the binary group V^^ has a single set of conjugate subgroups 
of each of orders 2, 3, 4, 6, 8, but no group of order 12. Hence every sub- 
group of order 48 of (52) is conjugate with ± ( F^ , T^^ ) . Hence if a subgroup 
of ^288 '^ ^^ order 48 and contains F^^, it is conjugate with 

(53) i^,3 = { r, T{^JJ^) W, TW\^J,^,), (r ranging over J^J ] . 



The subgroups of order 48 are conjugate with G^g, H^, G'^f^, H[^ or F^^. 

40. Theorem. Within O, the group G^^ is self-conjugate only under itself. 
An operator which transforms G^^ into itself must transform its 3 subgroups 

of order 16 amongst themselves. By IHj^i G[^ is self -con jugate within O only 
under Jl,= {G[„ C,C^} . Now C, C\ transforms B^ W into WO, C^ O, C, , 
which does not belong to G^^. 

41. Theorem. Within O, the group H^^is self-conjugate only under H^^. 
By III, bottom of p. 20, H^ is self-conjugate only under a subgroup of G^^. 

But the only even substitutions on f ^ , • • • , ^5 which transform ( f ^ ^^ ^^ ) into itself 
or its inverse are the powers of (^2 ^4^5) and {^^^X^..^^)^ i^i^di^A)^ i^i^di^i^i)- 

42. Theorem. Within O, the group G'l^ is self-conjugate only under H^^. 
By the foot-note to § 28, G"^^ is a subgroup of H^^. Now G^f^ is one of 3 

conjugates under G^^ and is self-conjugate only under a subgroup r,2 of O . 

43. Theorem. Within O, the group H'^^ is self-conjugate ordy under H^. 
By the method of § 42, the proof follows from § 39. 

44. Theorem. Within O, the group F^^ is self-conjugate only under 

(54) G^= { r, T{^JJ,)W, TW^iJ.U, (r ranging over G,,)} . 

Indeed, F^^ is self -con jugate under F^^, while within it is self -con jugate 
only under 6^^^^ by Hljy. For another proof, see end of § 39. 
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The subgroups of order 54. 

45. Theorem. Within G, the groups of order 54 fall into 3 distinct sets 
of conjugate stiigroupS. As representatives, we may take 

They are self -conjugate only under the respective groups (r^^g, H^oa, H^m- 
A group of order 54 contains a self-conjugate group of order 27. The 

latter may be assumed to be H^, K^ or G^, which are self -conjugate within 

G only under G^j,, H^^^, G^^^., respectively (II, pp. 378-380). Hence H^ is 

excluded. 

The only operators of period 2 in Gii^^ are [ , a , c , ] 73, _i , as shown 

directly or by § 50. Each is therefore (§ 13) conjugate with T^ _i within G^^f, , 

which has G^^^ as a subgroup. 

In order that the general operator (19j of IIj^^ in H^^^ shall equal its inverse 

S"^ or ;S''"'Ti _il'2, -n t^6 conditions are, respectively, 



«n = K ' '^22 = ^22' '^21 = ^12' ^21 = «12 ' ^22 = 7i, = , 7l2 = " ^21 5 

«1I = — ^11' «22 = — ^22' ^1X = — ^12' ^21 = - '^12' ^sl = 7,2- 

In the first case, the abelian conditions (see (19) of Hjgg) give 

< + «12^12=<+«12^12=l' «12(«ll + '^22)=^12(«ll+«22)=7i2(«n+«22) = 0' 

SO that the substitutions of period 2 are 



1 





'^u 


7.2 ■ 






1 








7l2 






1 

-7,2 



-1 






5 


± 


1 

^12 - 7,2 




-1 


^.2 






a,. 





-1 












-1 











1 


7,2' 




















1 












± 


1 -7,2 








• 















1 















The first is transformed into a like substitution S with a^^ = by 

Aa,,_ ■ ?; = ?,- «12?2' V', = V;+ ^ij'?, ' 

which belongs to ^j48 ; while 2 is transformed into T., _i by 

Sy,, ■• 1; = ?i - 7i2'?2' ?2 = ^2 - 7,2 'J, » 

likewise in ff^^^. Transforming the second by A^^^, we obtain one of the third 
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type. The third type is transformed into Py,^ by L^ ^j, , which belongs to ^4^ . 
But i?e48 contains Z^ (§ 5) which transforms P12 into T^ _i , identical with T^^ _i 
in the quotient-group. 

In the second case, the abelian conditions give 

-< + «12^12= -«22+«12^12=l' «12(«n + «22) = 0' ^12 = ( «11 + «22 ) = "^ ' 

so that the substitutions of period 2 are 

r r, 



7,1 
-«ii 

7l2 
-«12 



^12 





7,2 
S,2 
722 
«11 



( )'ll ''l2 — Mil }'l2 + ai2 }'22 = ) . 



Transforming by yl_„jjjjj, we obtain a similar substitution with aj^ = . Trans- 
forming the latter by i?,,,!^!,) we obtain a similar substitution with a^^ = 7^^ = . 
Transforming by the substitution i^j ^^^^^^ of iT^^,, we have also Vi^ = . Hence 
7,2 = 0, so that the final substitution is P^^T^ _^. Since the latter has the 
characteristic determinant (p^ + 1)^ while the only operators of period 2 in A'^^, 
viz., [0, 0, c, 0]T3_i, have the characteristic determinant (/3^ — 1)^, the 
resulting groups K,^ and K\^ are not conjugate. 

To find the largest group in which K'^^ is self-conjugate, we seek the opera- 
tors (19) of ILgo which transform Pj, T.^, _i into one of the 9 operators 
[ — 7 , , c , 7 ] P,2 ^2, -1 of period 2 . The conditions are 



«21 = ± «12 



^21= ±^12' 



^22 = =F S 



11' 



a,3 = =F a„ , 

cS„ -F 78,^ = ± 7,2 - 7,1, 7S,, - c\ = 7„ ± 722- 

The latter serve merely to determine c and 7 uniquely, since the determinant 
^11 + ^21 w^ll ^6 S66n to be =f= . The abelian conditions reduce to 

«n^ll+«12^12= 1' '^12^11 -«U ^,2=0' «ll721 + <^12 722=F«12 7ll±«ll7l2=0. 

For «„ = 0, then a^^ = B^,_, ^n = 0, 7^3 s - 7,^. For a^^ = 1, either 
<^i2 — ^12 = ^ ' ^11 = 1 ' or aj2 = ± 1 , 8j2 = q:: 1 , 8jj = — 1 . The resulting 

group is ^216- 

For JT^^ we seek the operators (19) of 11,,,, which transform T., _i into one of 
the operators [ , , c , ] 7^2 _j of period 2 . The conditions are 

<^12 = «21 = ^,2 = ^2, = , 
«U = «22=Su=S22=0, 

according as the upper or lower signs are taken. In the first case, the abelian 
conditions reduce to a„ S„ = 1 , a22^22 = 1 » the resulting substitutions being the 



7i2 = c822, 
7ii = cS2i, 



72, = c^u ; 

722 = C8j2, 
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C/^ of § 3 . In the second case, the ahelian conditions reduce to a^^ ^i., = 1 » 
fljjSjj = 1, the resulting substitutions being the V of § 3. The Z7and the V 
form II,,, 



The suhgroiqjs of order 60. 

46. Theorem. The subgroups of order 60 of Ofall into tvm distinct sets 
of conjugates, represented hy G^^ of III3 and G^^, which are self-conjugate* 
only under G^.^^ and G[^g, respectively, where f 



(56) o:o={iUAU.)^Qu 

Q and 2 being respectively 



(57) 



-1 


-1 


-1 





1 


-1 





-1 


-I 


1 


-1 


-1 





-1 


1 





-1 


-1 


-1 


1 


. 1 


1 


1 


1 






^120 — I'-^W "J' "-^120" l""(;o' ^J' 



r_l _1 _i _1 01 

_1 _i _l _1 

-1 -1 -1 -1 

_1 _i _l -1 

^-\ -1 _l -1 



Since no subgroup of order a divisor of < 60 of 60 is self -con jugate in a Y^ 
by the earlier results (see the table), a subgroup V^^^ must be simple and hence 
simply isomorphic with the alternating group G^ on 5 letters. \ 

Within O, aU the operators of period 5 are conjugate by I. Hence we may 
assume that Y ^ contains the linear substitution A = ( ^, ^, ^3 ^^ ^^ ) . The cyclic 
group Gr, generated by it is seen (§ 21) to be self-conjugate only under 

(58) G:,,= {A, 2} = {A\ ^'S, A'T-, ^•■2^(t = 0, 1, 2, 3, 4)}. 

Since S^ = ( ^^^^ ) (^3 ^^ ) , the only operators of period 2 in G'^^ are 

i^J,){U.)^ (l^h){U.)^ (^^IMU,)^ (^.^.)(?.^J^ (l2^.)(l3^J' 

which are transformed into each other transitively by the powers of A . They 
belong to T^^ since it contains 5 operators of period 2 which transform G^ into 
itself. Now Fun is simply isomorphic with the abstract group generated by A^ 
and S where 



(59) 



A'; = B'- = (A^Bf = I. 



*Cl. Proceedings of the London Mathematical Society, vol. 31 (1899), p. 53. 

tNote that 2 = WH f 1 f 2 f 3 f 4 f 5 ) ^^'' ( ? i s'5 f * f 2 f 3 ) Ci C^ Cj C4 , Q=C,CtWC,C,{:;,?,)(^,i\)^-\ 
so that i) and Q belong to 0. 

t To give another proof, a T^ contains 1 or 6 conjugate T^ . But a T^ is self-conjugate only 
under a T^f, within 0. Hence a subgroup T^^ contains 6 conjugate Fj and is simply isomorphic 
with Gj^' (BURNSIDB, 77)6 Theory of Groupn, pp. 107-108). 
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These relations are satisfied when A^^A, 5= (^j|^2)(^3^^), whence 
(?il4)(?2^3)-^ ''^^•'omes (^jlg)^^^^) of period 2. Hence the normalized Fg^, 
which contains A and ( f , |^ ) ( ^j ?3 ) ' "^^y ^^ generated by A and a substitution 
B such that B, {^i^i){^2^3)^ ^^^ ^^ ^^^ o^ periods 2, 2 and 3, respectively. 
Now the condition that an orthogonal substitution shall be of period 2 is that its 
matrix be symmetrical with respect to the main diagonal. Hence B and 
{^i^i){^2^i)B ^^^ both of period 2 if and only if 



B = 



The orthogonal conditions on the 1st and 4th rows, 2d and 3d rows, give 
(60) - a„ a^^ - a^^ a^^ + a^^ = , - a,, a,, - a,, a^ + a^^ = . 

The orthogonal condition on the last row gives a^^ — a\^ — cx^5 = 1 ? whence 
«o5= ±1' <^i5=«25=0; or a.^=0, a,, + 0, a,5=(=0. 

In the first case, we find that 



ro 



{ABr = 



y^u 



{ABf = 



±oc, 



±a,. 



±a„ 







«13+«12«23 + '^U«22 

ai3a„+ai2«i3+«ii«i2 



Equating these when the lower signs are taken, we get ^i^ = 0, «i3 = — «,i, 
aj2 = 0, a,jaj3=l, which are contradictory since — 1 is a quadratic non- 
residue of 3 . For the upper signs. 

Hence a^^ — aj^ = , so that a^j = a^j = , (Xj^ 4= , 0(22 = , a^s = (^ • Hence 
B={^J,X^J,) or (^.^,)(?3?J^iC'2C'3C,. 

The latter is excluded since its product by ( ^^ ^, f 3 ^^ ^5 ) on the left is not of 
period 3. 

In the second case ( ot^^ = ) , we equate the coefficients in the first and fifth 
rows of the matrices for (^AB)~^ and (ABf, and get 
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«14 = 1 - «15 «25 ' «13 = 1 + «12 «15 + «13 «25 + «U «25 > ^ = «f 2 " «11 «13 " «U «15 ' 
«25 = «?3+ «12 <^15+ «11 -^22+ «12 ^^23+ «14 «25 ' «12 = «22 '^15 + «23 «25 + <^13 «25 + '^15 «25 ' 

«15 = «13«15+«11«23+«12<^22+«12«13+«14«25' «11 = «23 «15 + «22 -^25 + <^12 «25 + «15<^25- 

From the first, third and fourth it follows that 

«12=1 - «15 - «15«25 + «13«15 " «13 «15 «25 ' «u = " 1 + «15 " «2o " «15 «25 " «13«15- 

Eliminating a^^, a^^, a^^ from the second condition of the preceding set and 
from the first relation (60), we get, respectively, 

«f3(«15 - 1)(1 - «25) + «13(«15«25 + «,5 " «25 + 1 ) " «25 = 0' 
«13(«15«25 - «15) + «13(«15«25 " <^15 " «25 " ^ ) + ^ + «15 " «25 = ^ . 

Eliminating oCj^, we get (a^^ + a.^^)(^a^^ -\- 1) = . If aj^ = — 1, the second 
becomes 

«13(1 -«25) +«13«25-«25=0- 

By trial, oc,3 is neither nor —1 . Hence otjjsl, a^ = l. Then «i^= — 1 , 
ajj = — 1 , aj2 = . The last four of the above set of 9 conditions then reduce 
to a22 = ''^23 = — -'•• ^^^ *^® resulting substitution AB is not of period 3. 
Hence must «,.= +!, a^ = — a^^ . Hence a^, = + 1 , a,3 s — 1 . Then 
ajj = — 1 , otj2 — ~ 1 ? ''^14 = ^ • The last four of the above set of 9 conditions 
then reduce to 0:22 + ''^23 = ~ -'■ • ^^''^ these values of a.., the necessary and suf- 
ficient condition that A Q shall have period 3 is a^ = . The resulting substi- 
tution B is Q given by (57). 

Since G. is self-conjugate only under (x^o' ^^^il^ T'jj contains but 6 conjugate 
groups of order 5, it follows that at most 120 operators of O transfoi'm Tg^ into 
itself. That G^ is self -con jugate under G^.^^ follows from the fact that 2 , an 
operator of period 4 defined by (57), transforms (^1^, fjf^^j) into its square, 
and {^,1,){^J,) into (1,^^){^J,). That G'^^ is self -con jugate under G[^„ fol- 
lows since S transforms Q into (^j^-)(^jfj)§(^.|^^3^2^i)' an operator of G'^^. 

Finally, G^ and G'^^^ are not conjugate within O. If an operator T oi O 
transforms G'^^, into G^^ and any subgroup G'. of (xg^ into (r. and if S be one 
of the existing operators of G'^^^^ which transforms G'g^ into itself and G'. into 
Gr, then S~^T transforms G. into itself and (?' into (?„. Hence S~^T 
belongs to G^^o ' * ^^^S'"^"? '^^ ^120* Hence T belongs to Cj^o and transforms 
Gl^g into itself, contrary to hypothesis. 

The subgroups of order 72. 
47. Every T^^ contains 1 or 4 conjugate T^. If a Fg is self-conjugate, the 
quotient-group V^^jT^ is a group of order 8 having a subgroup of order 4, so 
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that Fyj has a subgroup of order 36. Let next T^ be one of 4 conjugate sub- 
groups'of r^^' The group T^ which transforms into itself each of the four is 
self-conjugate under Tj^ and f/ is a divisor, less than 18, of 18. Evidently 
ff=^ = 72/4 ! , and ^ =}= 9 . If ^ = 6 , F^ must be cyclic, since a non-cyclic sub- 
group of order 6 of (r is self-conjugate only under a group of order 36 or 108 
(§ 7). Moreover, the cyclic T^ are self-conjugate only under subgroups conju- 
gate with G~2, -K'sl, or Gli(^6). Hence we may take Fg = Cii,T..,= G-o. 
Finally, if ^ = 3 , T^^jT^ is simply isomorphic with the symmetric group on 4 
letters, so that F^^ contains a subgroup of order 36. Hence F^, is conjugate 
with (t„2 or else contains a subgroup of order 36. 

The subgroup K.^ is excluded, since it is self-conjugate only under itself 
(§ 34). Each of the groups GZ and HZ leads to Gl^:, only (§§ 36, 37). Finally, 
KZ is self-conjugate only under H^^ (§35). A substitution which extends K^^ 
to a F-o must be an operator of iZ^u; of period 2, 4, or 6, whose square belongs 
to ^3* (§5). For those of period 2, we may take P,,_T.2, -i-, ^>, -i or \\\ (§5), 
of which the first two belong to K'Z and are excluded. But W^ extends KZ^ 
to GTo. Those of period 4 are conjugate with T, j TFo, whose square P]2^2 -i 
belongs to KZ^; it extends the latter to GZ,. As at the end of §33, we 
may restrict the operators of period 6 to TFj = [ 1 , , — 1 , — 1 ] TFj and 
[ — 7 , , , 7] Tj _j , the latter belonging to K j^ and the former extending it to 
GZi- Hence F73 is conjugate with GZi if it contains a siihgroup of order 36. 

Since ^ _i is the only operator of period 2 in G-^ , an operator which trans- 
forms fr-2 into itself must be commutative with T^ _j and hence by Ijo,, be one 
of the operators A or AP^^^ where A is an operator (52). Considering the 
binary substitutions on |j and 77, , we must have 



/I IWa S\_/a ^Wl ^\ 
VO \.)\c d)~\c d)\0 1) 



(ad — tc = 1 ) , 



h to be suitably chosen. Hence c=0,a = M. Since «c? = 1 , we have 
a ^ d ^ ±1,A; = 1. Placing the ambiguity of sign in front of the matrix 
for A , we may take a = d = 1. Hence A belongs to G^^ . But Pj^ does not 
transform G^^ into itself. Hence G.„_ is self-conjugate only under itself 

Since (t ^, is a subgroup of H-,^^ , the largest subgroup of G in which K'* is 
self-conjugate, KZ is the only subgroup of order 9 of GT^- Hence the latter 
is self -con jugate only under a subgroup of i:^^,,.. Now [1,0,0,0], which 
extends GT^ to iZ^ie' transforms W^ into [0, 0, 1, 1] W^, which does not 
belong to C** . Hence (?** is self -conjugate only under itself. 

That (r_2 and (r^** are not isomorphic follows from a consideration of their 
operators of period 2 or of their subgroups of order 9 . 

Theorem. Within G tJiere are exactly two distinct sets of conjugate suh- 
groups of order 72. As representatives we may take (r-j and Cr** / each is 
self conjxi gate only under itself 
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The subgroups of order 80. 

48. A Fgii contains 1 or 16 conjugate Fj,, the first alternative being here 
excluded (§ 2). Having 64 operators of period 5, V^ contains a single Fj^, which 
is therefore self -con jugate. Hence Fj^ is conjugate with G^^ (HI)- ^^ G^io ^^ 
taken as F,,,, F^j, must be a subgroup of G^^^ by III, bottom of p. 20. Every 
operator of period 5 in the latter is of the form PC , where C belongs to G^^ 
and P is acyclic permutation of ^i, ••■, ^5. Within G^,^^ P is conjugate 
with (I, ^2^3 ^1^5) ^^ ^*^ inverse. Hence F^^ is conjugate with 

(61) G^={Gn^{U.U.ty^- 

A substitution commutative with Gg^ must be commutative with G^^ and 
hence belong to G^^ . Of the even substitutions on ^, , • • • , ^^ only the powers 
of /S = ( f J ^3 f 3 ^^ ^5 ) transform the latter into itself, none transform S into 
either S'^ or -S"^ , while ( f 2 f 5 ) ( ?s ^ 4 ) transforms S into S*. 

Theorem. Within G , every subgroup of order 80 is conjugate with G^. 
The latter is self -conjugate only under 

(62) G,,,= {G,„{^JJ,U,),{l,^,){U.)}- 

Subgroujjs of order 96. 

49. Any F^^^, contains 1 or 3 conjugate F.^^. In the first case, we may take 
G^32 ^s F32, so that Fgg is a subgroup of (x^.,., the group of all substitutions re- 
placing ^5 by ± I5 . An operator of period 3 of 6/,,^ must replace f^ by + ^, 
and hence belong to G^^^= \_G^2, W, {^2^i^i)'\- We may therefore limit F^g 
to the groups obtained by extending 6^32 by respectively W, ( I2 ?3 14 ) 1 TF'(f 2 ^ 3 ^4 ) ' 

Tr(f^f^^3). But (7jC|. transforms G,^^ into itself and ^^(^j^afi) ™*'*' 
W''^{^.2^^^^), the inverse of the last extender. The three remaining groups 
are G^ of § 44 and 

(63) J^= [6^32, (^2^3^4)1, Ao= (G'32. W). 

Since each has a single subgroup of order 32, an operator transforming one of 
them into itself or another must transform ^'32 into itself and hence belong to 
G,j.f^. Now Cgg, f/j,g and i;,^; are each self-conjugate in G^^^. Moreover, C^C^ 
transforms IF into TF% {^.^^^^4) into itself, and 6^32 into itself. Hence J^^ 
and ig„ are each self-conjugate only under the subgroup G^^^ of O, and are 
not conjugate within O ; but G^ is self -conjugate only under (tjss- 

Let next F^^ contain 3 conjugate F3,. Let F^ be the group of the operators 
of Fgj. which transform each F3J into itself. Then (7 is a divisor of 32, </ < 32 , 
g= 96/3 ! . Hence g = \% . Since Fj^ is self-conjugate in F^^, Fj,. is conjugate 
with I\^ or G,^. Taking F^^ = F^^, we have F^.^ = G^^. Taking F^^ = G,^, 
we have F^^. as a subgroup of G^^^^. Within the latter, V^^ is conjugate with 
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Hc^, defined by (22). We first transform one of the operators of period 3 of 
G^ into (Ij^^^s) and proceed as in § 41. 

By III, bottom of p. 20, H^^ is self-conjugate only under a subgroup of 
Gg^^ . But the only even substitutions on ^^ , • • • , ^^ which transform (^^ f 3 ) (^^ ^^ ) , 
(^j|g)(l2f5), (fj^3)(f^f5) amongst themselves are these three and the powers 
of (fj^i^o)- Hence H^^ is self-conjugate only under itself within O. 

The Subffroujjs of order 108. 

50. Any Fj^^ contains 1 or 4 conjugate T^. Let first F^^ be self-conjugate. 
Then T^^^jT^ has a subgroup of order 2, so that Fj^^ has a self-conjugate sub- 
group r.j. For the latter we may take G^^, K^^ or^j.^(§45). But K^^ 
leads to H^^^ only (§ 45). 

Next, ©j^ is self-conjugate (§ 45) only under the group (x^^g of the operators 
(2) of Ilgyj. The square of (2) is * 



1 — fc— 7a^-|-/3c^-j-ac(a— S) a + aa-|-c/3 c + c8-fa7 

1 

(l + a)(ac-7a) + 7(;8c-Sa) a'-f/87 7(c(+S) 

(H-8)(/3c-8a) + y3(ac-7a) /8(a+8) 8^^/37 



(«''-ft'^i). 



This operator belongs to 6^^^^ only when a=S,/8=7 = 0, whence (2) belongs 
to ffjj, or a; = — S, ot^ -f /37 = ± 1 , so that ± must be — . But there exists 
(IV) a binary substitution of determinant unity which transforms (J _^) into 
( _J J ) . Hence, in the second case, (2) is conjugate within G^^^ with [^, a, c, 0] J/^, 
where Jf, replaces f^ by tj^, and j/^ by — I2. Hence every Fj^^ defined by G^^ 
is conjugate with 
(64) G,,,= {G,,.M,). 

Finally, K'^^ is self -con jugate only under H^^^i^ 45 ) . Within H^^^ the opera- 
tors of period 2 are conjugate with P^^ 21 __i , Tj, -1 O"" TF|, ( § 5 ) , the first 
belonging to K'._^^, the second and third extending it to respectively H^^^ and 

(65) ^;„, = (^;,, TTj = (^,„ p,,r,,_„ ttj. 

The operators of period 4 of ^,j are conjugate with T.^ _^ W^ (§ 5), whose 
square Pi^T^^ _i belongs to K'^^, so that it extends K'^^ to 

(66) Kl, = {KU, r^, _j TF, ) = ( K,, , P,^ 2^, _, , T,^ _,W,). 

Consider lastly the operators of period 6 given in the theorem of § 5 . Their 
squares (§33, end) all belong to JT^^, so that none are excluded. But 

* Hence (2) is of period 2 only if /? = > = 0, a = <5 = — l,fc = 0, giving [0, a, c, 0] r2,_i . 
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TTi = [1, 0, - 1, - 1] T^; extends K'^ to K[^^, [k, 0,0,7] ^2,-1 extends 
K'^ to ^108 . while [± 1, 0, 0, J Tj, _, P^^ belongs to K',^ . 

We pass now to the case in which V^ is one of 4 conjugate subgroups. The 
group r of the operators of V^^^ which transform each of the four V^ into itself 
is self-conjugate under V^^^ and g' is a divisor < 27 of 27, while g = 108/4! . 
Hence ^ = 9 , so that r^ is conjugate with K*^ or JT^ ( Iljgg ) . In the first case, 
Fjjg is conjugate with ^uj. In the second case, V^^ is conjugate with a sub- 
group of -0216 • Since V^^^jT^ is simply isomorphic with the alternating group 
on 4 letters, which contains a self-conjugate group of order 4 , T^^^ contains a 
self -conjugate group of order 36 . By §§ 34-37 , this must be of the type jSTJj, 
which is self -con jugate under .^^le • ^Pplying ^ suitable transformation within 
.^216' we may assume that Fj^^ contains also K^, with which all the subgroups 
of order 27 of 11^^^ are conjugate, so that Fj^g = H^^ . 

Since i7,(,g contains a single group K^^ of order 27, and since K^^ is self-con- 
jugate only under H^^^, H^^^ is self-conjugate only under a subgroup of H^^^- 
But H^^^^ is self -con jugate under H^^^. 

Since (xjjg contains a single group G^ of order 27 and since G^^ is self-con- 
jugate only under Gf^^^, (xj^g is self-conjugate only under a subgroup of G^^^. 
The latter affects ^^ and j;^ hy a binary group of 24 substitutions ( ^ | ) of determi- 
nant unity. Within the latter, the group {/, Tj _i, M^, T^^^iM^] is self -con- 
jugate only under a group of order 8 (IV). Hence G^^^ is self-conjugate only 
under 

(67) G^2,g= {operators (2) of Ilgj^ with o!=S=d=l, /3 = 7=0, or else a+8=0}. 

Finally, -S^J^g and -ST'/ug are self-conjugate only under .^,5. 

Within G, the subgroups of order 108 are conjugate loith -STj^g , G^i^g, -S^Jos 
or -fiTjpg . These are self -conjugate only under H^^^ , G^^^ , ^^ , H^^^ , respectively. 

Tlie subgroups of order 120. 

51. Theorem.* Within G , every sid)group of order \2(i is conjugate with 
^120 °'' ^120- ^'^^ latter are self -conjugate only under themselves. 

Every I^^o is composite. By the earlier results (see table), a V^^^ has no self- 
conjugate subgroup of order <; 60 . We may therefore assume that it contains 
6^60 or ^60 » whence F,^^ is G^^ or G[^, respectively (§46). 



* Second proof : A Tj,,, contains 1 or 6 conjugate Tj, the first case being here excluded. Since 
Fj^i, thus contains a r^^ but no self-conjugate subgroup lying in Tj^, it is (Dyck) expressible as 
a transitive substitution-group on 6 letters and hence is simply isomorphic with the symmetric 
group on 5 letters. A third proof depends upon the 5 or 15 conjugate Fg, there being no primi- 
tive group of order 120 on 15 letters (Miller, 2) ; while of the two imprimitive groups, one has 
substitutions of period 15 and is excluded, and the other is isomorphic with GJ^j, (Kdhn). 
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Exclusion of the order 144. 

52. Every T^^^ is composite. * By the earlier results, a group of order a 
divisor < 144 of 144 is self -con jugate in a group of order a multiple of 144 
only when it is conjugate with G^, -Fg" , F^^, or G^n. Of these, F^" and i^ji 
are self -con jugate only under G^^, which has no subgroup of order 144 (see 
end of §39). Again, G^ and G^^ are self-conjugate only under (?,yg, which 
corresponds to the abelian group (^A, P-^^), A being defined by (52). Since 
the group G'.-,^^ of the A has no subgroup of index 2, T^^^ must contain A' P^^ 
and exactly one fourth of the operators A , the latter consequently (IV) forming 
a group given by the direct product (F^, F^^) of a F^. on one pair of the vari- 
ables ^^, rj. and a F^^ on the other pair. But^'Pj, transforms (F^, F^^) into 
a group ( F^j , F^ ) . Hence Fj^^ does not exist. 

The subgroups of order 160. 

53. A Fjg^ contains 1 or 6 conjugate T^^. By III, a subgroup F^^ of G is 
self -conjugate only vmder a V^^ or a F..g . The group F transforming each of 
the 5 Fj2 into itself is self -con jugate under Fj^^, and ^f is a divisor < 32 of 32. 
But by III no subgroup of order 2, 4, or 8 is self-conjugate under a Fj^^. 
Hence ^ = 16 and F^^ is conjugate with 6^,^, T-^^ with a subgroup of G,^^. 
Proceeding as in § 48, we find that Fj^^, is conjugate with (xj^,, . 

The 5 subgroups of order 32 of (tj^q are conjugate within G with J\^ of IIIj, 
which is self-conjugate only under G^^. Hence G^^^ is transformed into itself 
by at most 320 operators of G. (This also follows from the fact that (t^.^ con- 
tains 16 conjugate F^.) But G contains no F^^^ (§ 59). 

Theorem. Within G, every siihgroup of order 160 is conjugate with G.^^, 
which is self-conjugate only under itself. 

The subgroups of order 162. 

54. A Fjjj contains a single F^^. The latter may be taken to be G^^ of 113^25 
whence the former is G^^^^ of Ilgyg, since G^^ is self -con jugate only under G^^^. 

Theorem. Within G, every subgroup of order 162 is conjugate with 6?,^,, 
which is self-conjugate only under itself. 



* The proof may be modified so as not to assume that V^^^ is composite. It has 1, 3, or 9 
conjugate Fj^, the first case being excluded. If Fjg is one of 3 conjugates the largest group Tg 
transforming each into itself is of order 24 and hence conjugate with F.*^ (§§22-32). If r,g is 
one of 9 conjugates, j is a divisor < 16 of 16. If j' = 8, T, is conjugate with F^" . Also ? + 4 
by III. li g = 2, T^ is conjugate with { /, Ti, _i } , so that V^^^ is a subgroup of ( ^ , P^j ) . If 
? = 1 , Tj^ is simply isomorphic with a transitive substitution-group on 9 letters. Such a group 
contains substitutions of period 8 (Cole, 1) and is here excluded. 
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Exclusion of the order 180. 

65. A Fjgi, is composite.* By the table, no subgroup of order ^90 oi G 
is self -con jugate in a group of order divisible by 180. 

The subgroups of order 192. 

56. Theorem. Within O, there are exactly two distinct sets of conjugate 
suhgroups of order 192, represented hy G^^ and H^^ ; G^^ is self -conjugate 
only under itself and H^^^ only under G^^^. 

We may take G^ as one of the conjugate subgroups of order 2^ in V^^^. If 
G^^ is self-conjugate, V^^^ = G^^^ by III^j . Next, let G^^ be one of 3 conjugate 
subgroups. The group T of the operators of Fj^^ which transform into itself 
each of the three groups of order 64 is self-conjugate under T^^^. Moreover, 
^ <64 and g ~ 192/3!, so that g = S2. Hence F is conjugate with G^^. 
Taking F = G^^ , we have Fj^^ as a subgroup of G^^^ , Under the latter, G^^ 
has exactly 3 conjugate subgroups: G^^, W~^G^^W, W~^G^^W^. Hence 

■'■ 192 == ( ""f>4 ' rr ) = -tl^g^ . 

A substitution which transforms G^g^ into itself must belong to G^^ by III, 
bottom of p. 20. But the even substitutions on ^j, •••, fj which transform 
Gjg2 iiito itself do not alter ^^. Hence G^g^ is self-conjugate only under itself. 

A substitution S which transforms ff^^^ into itself must replace ^^ by ofj,^,, 
s=5, by III^i,. Likewise, S~^ must replace ^^ by a^,!,, ^=5, so that S 
replaces |, by if^. Hence JS= /S"(f,|^ ■ • • ^,), where S' leaves |, and ^^ 
unaltered except in sign. Then s = 5 ; for if not, S' = CS" , where C is a 
product of the C., and S" permutes the variables other than ^, and ^ , so that 
S transforms (^1^3) (^2 ^4) i"**' ^ substitution permuting certain variables 
including ^^ and hence not in JT^^^ . It has now been shown that S belongs to 
G^5j,g. Inversely, (^j^s^i) extends JI^^^ to G^^^ and transforms 11^^^ into itself. 

The subgroups of order 216. 

57. A Fjjg has 1 or 4 conjugate F^.. Let first F^^ be self -con jugate. Since 
F^jj/Fjy has a subgroup of order 4, F^,^ contains a T^^^. Since the latter con- 
tains F^, self-conjugately, it is conjugate with 11^^^, G^^^, K[^ or K'[^^ (§ 50). 
The last three lead only to G^^^^ and H,^^^ (§ 51, end). If Fj^^^ = H^^^, F^j,, is a 
subgroup of Hf^^^. But H^^^j K„^ is simply isomorphic with the symmetric group 



* We may proceed otherwise. A Tjg,, contains 1, 4, or 10 conjugate T^. By 11, the subgroups 
of order 9 are self-conjugate only under groups of orders 27, 108, 162, 216. Hence a subgroup 
r,g(| contains 10 conjugate r^. The group r^ transforming each into itself is self-conjugate under 
r,8o and s'<18. As before j^ + 9. Also, j^ + 6, jr + 3, j^ + 2 by §§ 6, 7, 3 and III. Hence 
r,g(| is simply isoi 
exists (Cole, 2). 

Trans. Am. Math. Soe. 1 1 
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on 4 letters, whose subgroups of order 8 are all conjugate (V). Hence F^jg is 
conjugate with H^^^ , and H^-^^ is self -conjugate only under itself within G . Let 
next V^ be one of 4 conjugate subgroups. The group F transforming each 
into itself is self-conjugate under Fjj^ and p" is a divisor <; 54 of 54, while 
^ ^ 216/4 ! . Hence ^ = 9 , 18 , or 27 . If gr = 9 , F^ is conjugate with K't 
and F2,„ with H^^^ (Haga)- If .9 = 18, F^ has a single Fg, consequently self- 
conjugate under Fjjg. If ^ = 27, we are led to the first case. 

Theorem. The subgroups of order 216 are conjugate with G^i^ or -ffjie' 
the former being self-conjugate only under (rj^g and the latter only under itself . 

The subgroups of order 288. 

58. Since* a T^^ has a self-conjugate subgroup of order = 144, it is conju- 
gate with (xjgg or with a subgroup of Gg^^ (by the table). In the latter case also, 
it is conjugate with (r^ss (§ ^^)- 

By III20, ^ substitution which transforms G^gg^ into itself belongs to Gr^yg. 
Theorem. Every subgroup of order 288 of G is conjugate with G^^, which 
is self-conjugate only under G^^^. 

Exclusion of the order 320. 

59. A Fgj^ contains 1 or 5 conjugate F^^. But a subgroup F^^ of G is self- 
conjugate only under a Fjg^ (IIIj, ). Hence F^^ is one of 5 conjugates. The 
group F transforming each into itself is self -con jugate under F^^^ and ^ is a 
divisor < 64 of 64, ^ = 320/5 ! . Now the values 4, 8, 32 of g are excluded 
by III. For ^ = 16 , we may take F^^ =: G^^, whence T^^^ is a subgroup of G^^. 
Then Fj^q/Fji. would be simply isomorphic with a subgroup of the alternating 
group on 5 letters (III3). 

The subgroups of order 824. 

60. A Fjj^ has 1 or 4 conjugate Fgj, one of which may be taken to be Gg^■ 
The latter, being self -conjugate only under G^^^ , is one of 4 conjugate subgroups 
of F324 . If F be the group transforming each of the 4 into itself, g is a, divisor 
< 81 of 81 and g ^ 324/4 ! . Hence g = 27. We may take F^, = G„, or 
JT^ , whence F^^^ is a subgroup of G^^g or H^^^ , respectively. But G^.^^/ G^ has 

* For a second proof, we note that a r^g^ contains I, 3, or 9 conjugate T^^ . If Tgj is self-con- 
jugate it is conjugate with 6321 and F^gg with a subgroup of G5715 (III). If one of 3 conjugates, 
the group transforming each into itself is of order 48, so that i'ws/^is has a subgroup of order 3, 
and Tjag a subgroup T^^^ , contrary to § 52. If Fj.^ is one of 9 conjugates, jr is a divisor < 32 of 32 . 
But s' = 16 and g = i are excluded by III ; g = 8 leads to a group conjugate with F'^' , whence 
Tjgg is conjugate with Gjgg. For j':^2, we may take rj= {/, Ti.—i}, whence F^gg = G^gg (§47). 
It 51= 1, Fjgg is simply isomorphic with a transitive substitution group on 9 letters, which is 
impossible (Cole, 1). 
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no subgroup of index 2. However H^^^jK^ contains a (single) subgroup of 
order 12 (V). Hence V^^^ is conjugate with 

(68) ^32, = { operators (19) of 1\^^ with S^S^^ - \^h^^ = 1}. 

The number of operators of G commutative with H^^^ is evidently 4 x 162 . 

Theorem. Every subgroup of order 324 of G is conjugate with H^^^, which 
is self-conjugate only under IJ^^g. 

The subgroups of order 360. 

61. A subgroup r^^^ has no self -con jugate subgroup of order = 180 in view 
of the earlier results (see the table). Hence it is simply isomorphic with the 
alternating group Gl^^ and contains subgroups of order 60. Now {^i^i){^^^g) 
extends Gl^ to Gl^„ ; its product by ( f ^ U ( fj I3 ) on the left is of period 2 ; its 
product by (fjfj^jf^f,) on the left is of period 3. Hence we may assume that 
Fjgj has the normalized subgroup T^ of § 46 and an operator B of period 2 
such that (^^^^){^^^^)B is of period 2 and (^^^2^^^^^^)B of period 3. Hence 
^=(?,IJ(^3^JorQ(§46). 

Theorem. Within O, every subgro^ip of order 360 is conjugate with 

(69) G^3,„= {G,,, G^;„} = {{^J,U,^,), {^,^,nA)^ Q]- 

The simple group G^^ is self -conjugate only under 

Exchision of the order 432. 

62. A r^.^2 is composite. But no subgroup of order < 432 is self-conjugate 
in a group of order divisible by 432 (see table).* 

*Seconcl proof. A T^^^ has 1, 4, or 16 conjugate Tj,. The first case is excluded by III. Let 
first r2, be one of 4 conjugates. The group T^ transforming each into itself is self-conjugate 
under T^^^ and jr is a divisor < 108 of 108, while jf ^ 432/4 ! = 18. But <7 + 27 as before, 
g + 18 by §§ 14-20, jr + 36 by §§ 33-37, jr + 54 by § 45. Let next r„ be one of 16 conjugates. 
Then ? is a divisor < 27 of 27. But jr 4= 9 by II, j' + 3 by § 3. ltg = \, T^^^ is simply iso- 
morphic with a transitive group on 16 letters. Having no self -con jugate Fjg by III, it is not 
primitive (Millbb, 3, p. 229). It is not imprimitive in view of the following theorem and 
proof communicated to me August 22 by Professor G. A. Miller : There exists no imprimitive 
group of degree 16 and of order 432, 864, 1296, or 2592. For, an imprimitive group of degree 16 
must have 8, 4, or 2 systems of imprimitivity, which are permuted according to a transitive 
group of degree 8, 4, or 2, respectively. The latter group may be assumed primitive. Since a 
primitive group of degree 8 has its order divisible by 7, the imprimitive groups under consider- 
ation would have either 4 or 2 systems. In the former case, these systems would be permuted 
according to GJ^ or G*^. The head would be divisible by 9, which is impossible since its order 
could not be divisible by 144. Hence the required group must contain just 2 systems of imprim- 
itivity and hence have an intransitive subgroup of index 2 with constituents of degree 8. This 
is impossible since the order of the head would be divisible by 27 so that each constituent of the 
head would have an order divisible by 9. The order of such a constituent would therefore be 
divisible by 32, so that the order of the entire group would be divisible by 64. 



164 L. E. DICKSON : DETEEMINATION OF SUBOEOUPS [April 

Exduuon of the order 480. 

63. A composite* F^^ may be assumed (from the table) to contain G^^ and 
to be a subgroup of G^^^ whereas G^^j G^^ is simply isomorphic with G'-^l and 
has no subgroup of order 30. 

TTie svhgroups of order 576. 

64. A subgroup r^^g , being composite, must be conjugate f with G^^^ by the 
table of the earlier results. Now Gg^^ contains exactly 3 groups conjugate with 
G^^ , since the latter Is self-conjugate only under G^^^ i ^ subgroup of G^^^ (IIl2i)' 

Theorem. Every subgroup of order 576 of O is conjugate with G^^^, 
which is self conjugate only under itself. 

The subgroups of order 648. 

65. We may assume that F^^g contains Gg^ , which is self -con jugate only under 
G^jg2 i^^rs)- Hence F^^^ contains 4 groups conjugate with (?g, . The group F^ 
transforming each of the 4 into itself is self-conjugate under F^^^ and ^ is a 
divisor < 162 of 162, g m 648/4!. Hence </ = 81, 64, or 27. As above, 
g + Sl. If (7 = 54 , F,^g is conjugate with G,^, (§ 45). If </ = 27 , F^^^ is 
conjugate with Cr^^g or H^^ (Hsrg* IJsso)- Evidently the largest subgi-oup of G 
which transforms F^^g into itself is of order 4 x 162 . 

Theorem. The subgroups of order 648 of G are conjugate with G^^^ or 
Hg^ , each of which is self-conjugate only wider itself. 

The subgroups of order 720. 

66. A subgroup Fy2i,, necessarily composite, contains no self-conjugate sub- 
group of order <360 by the table of the earlier results. We may thus assume 
that Fyj^ contains G^^^, so that it is identical with Gyj^, (§ 61). 

Theorem.:}: Every subgroup of order 720 of O is conjugate with G^^^, 
which is self -conjugate only under itself. 

It may be shown that (r^^o is simply isomorphic with the symmetric group 
on 6 letters.^ 

* Second proof. A T^^ has 1, 6, 16, or 96 conjugate r^ ; 1, 4, 10, 16, 40, or 160 conjugate Tj. 
But a subgroup Tj of G is self-conjugate only under a r^,, a Tj only under a group of order a 
divisor of 648. Hence r^^o contains 384 operators of period 5 and either 80 or 320 operators of 
period 3, and 32 further operators of a Tgj . 

t Second proof. A T.^^^ has 1, 3, or 9 conjugate r^^, the first case being excluded. If 3 conju- 
gates, the group Tg transforming each into itself is of order 96, so that Tjjg is conjugate with Gjjs 
(§49). If 9 conjugates, p is a divisor <64 of 64. If 51 = 32 or 2, r^jg is conjugate with G„^ by 
III. Also, 5f=fl6, ^4=8, 5' + 4. Finally, 5' + 1, since there is no transitive (?5% (Cole, 1). 

tCf. Proceedings of the London Mathematical Society, vol. 31 (1899), pp. 30-68 ; 
ser. 2, vol. 1 (1903-4), pp. 283-4. 
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Exclusion of the orders 810 and 864. 

67. Subgroups of these orders are excluded * by the table, being composite. 

The subgroups of order 960. 

68. A subgroup Fg^^, beiug composite, must be conjugate! with G^^ by the 
table. Now G^^.^ is self -con jugate only under itself by III, bottom of p. 20. 

Exclusion of the orders 1080, 1296, 1620, and 1728. 

69. Subgroups of these orders are composite, J but contain no self -conjugate 
subgroups (table). 

*To give another proof for 810, we may assume that r^jj contains Ggi , which is self-conjugate 
only under Gi62- Hence Pg,,, contains 10 groups conjugate to Ggj. But no subgroup of of 
order 27, 9, or 3 is self -con jugate in a Pgn, by II. Hence Pgi, is simply isomorphic with a transi- 
tive substitution-group on 10 letters, whereas no such group exists (Cole, 2). 

To give another proof for 864, we note that V,^ contains 1, 4, or 16 conjugate r27, the first case 
being excluded by II. Let first there be 4 conjugates and denote by Pj, the largest subgroup of 
Pjg, transforming each into itself. Then giaa divisor of 216, jr ^ 36 = 864/4 ! . The resulting 
values 216, 108, 72, 54, 36 are excluded by the earlier results. Suppose next there are 16 conju- 
gates. Then ff is a divisor < 54 of 54. But 27, 18, 9, 6, 3, 2 are excluded by the earlier results. 
The case ^r ^ 1 is excluded by Millee 3, and the foot-note to § 62. 

t Another proof follows from a consideration of the 5 or 15 conjugate subgroups of order 64, 
there being no primitive group G'-^ (Miller, 2) and no such imprimitive group (Kuhn). 

{Second proof for 1080. A V^,^ contains 1, 6, 36, or 216 conjugate Pj. But a subgroup T^ is 
self-conjugate only under a Pjj. Hence r5 is one of 216 conjugates, so that Pjog,, contains 864 
operators of period 5. It contains 1, 4, 10, or 40 conjugate Pjj , the first two cases being excluded 
by II. Let first there be 10 conjugates. No group of order g, where l<ig'~ 108, is self-con- 
jugate under a Piog,, by the table. Moreover, there is no transitive group G'jJ"), (Cole, 2). 
Hence there are 40 conjugate P^,. If they are of either of the types Gj, , K^-,, they form a com- 
plete set of conjugates under 025920' Now the group K^, of the [A;, 0, c, y] contains 
Li, 1= [], 0, 0, 0], Li, iZ,2, 1 = [1, 0, 0, 1], ii, -1 1,2, 1 = [— 1 , 0, 0, 1], so that the conju- 
gates to iTj, contain 2 ( 40 + 120 + 240 ) operators of period 3. The group Gji "f the [fc, a, c, 0] 
contains Li, 1 and also [ — 1,0, — ^1,0], into which Li, _i Li, 1 = [ — 1 , , , 1] is transformed 
by the abelian substitution 

*'l— ^1' '?l=''l — ''2, f2=^f2+fl. '?2 = ''2- 

Hence the conjugates to Gj, contain at least 2 ( 40 + 240 ) operators of period 3. Hence the con- 
jugate Pj, are of neither of the types G27, K„, and hence of the type ITj, . By llsvg, the sub- 
groups of order 9 of flj, are the commutative ^9 and three conjugate cyclic C9. Within G259201 
each C9 is self conjugate only under i/j, by IIsss- Hence a C9 is one of 40 distinct conjugates 
within PiDso , so that the latter contains 6 X 40 ^ 240 operators of period 9. But there were only 
216 operators of period =|= 5. 

Second proof for 1296. A Pug^ contains 1, 4, or 16 conjugate Pj,i , the first two cases being 
excluded by H. The largest subgroup of P1296 which transforms each of the 16 Pg, into itself is 
of order 1 by II. But there exists no primitive Gj^jg having no self -con jugate Pjg ( Miller, 3, 
p. 229). There exists no imprimitive Gjfj^ by the foot-note to §62. 

Second proof for 1620 (the lengthy case of Jordan, TraiU, pp. 322-9). A Pi^jo contains 1, 
4, or 10 conjugate Pgj . But a subgroup P^i is self-conjugate only under a G,82 ■ Hence there are 
10 conjugates. Now Pj^jo lias no self -con jugate subgroup of order 2, 3, 6, 9, 18, or 27, and hence 
none of order 54. But there exists no transitive group GJ^'o (Cole, 2). 

Second proof for 1728. A subgroup of G.25920 of index 15 must be maximal (§2), and hence 
requires the existence of a primitive G'lg!^,,, contrary to Miller, 2. 
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Exclusion of the orders 2160, 2592, 2880. 

70. If a subgroup of one of these orders exists, it must be maximal (§ 2). 
But there exists no primitive group of order 25920 on 12 letters (Miller, 1), 
nor on 10 letters * (Cole, 2), nor on 9 letters (Cole, 1). 

Maximal subgroups of 6^25920' 

71. Theorem. Every maximal subgroup of G^^^ is conjugate with one oj 
the five groups: G^, G,^„ G^,„ B^^^, G„,. 

By the table the only subgroups self-conjugate only under themselves are the 
above five and the following non-maximal ones: G^{in G^^), G*^ (in H^^^, 
since its generators P-^^L-^ _^ ^1, -n ^2, -n ^nd D are all of the form (19) of 
II380), K^f, (in i/joj ), G^48 (in Gr,^^ , since its substitutions replace ^5 by ± fg)* 
G^2 (in Go_gsoi §39), ^^j (in G^„), G^^o and Gr^o (in G.,2o), G^ and G^^ 
(in Gseo), G^i62 and If^,^ (in 21^^^). 

The University of Chicago, 
August 21, 1903. 

•Second proof for 2592. A Tjjgj contains 1, 4, or 16 conjugate Tg;, the first two cases being 
here excluded. But a 6l%2 is neither primitive (Milleb, 3) nor imprimitive (toot-note to § 62). 



